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6. LR(K) Parsing

LR(Kk) parsing:
The most general deterministic parsing method in
which the input string Is parsed

(1) in a single Left-to-right scan,

(2) producing a Right parse, and

(3) using lookahead of length k.

Generalization of
(1) nondeterministic shift-reduce parser
(2) the simple precedence parser

stack symbols:
grammar symbols are divided up into
one or more ““context dependent™ symbols

Two stack strings y,X and y,X are equivalent, if

exactly same set of parsing actions are valid
In the context of y,X and y,X.

Replacing X by equivalent class [yX]
refinement of stack symbol

XeV [X]e?
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4/28/15 6. LR(K) Parsing 2
6.1 Viable Prefixes

G,
S—>aA|DbB
A — c | dAd
B—c|dBd

L(G,,) = {a, b{d"cd"| n>0}.

$oc | y$, where $a:1 e {a, b, d} and 1:y$ e {$, d}
reduce-reduce conflict for A — cand B — c.
(liaa=a) (L:aa=Dh)

Extending lookahead and lookback into length k.
oc | x > aA | x, Bcly »> pBly
o BeVik XyekX"$.
but
adkc | dk — adA [ d¥,  bdkc | dk — baB | o
reduce-reduce conflict for any k!

A string vy Is a viable stack string of pda M, if
$y, |W$:>*$y|y$:>*$yf|$ in M.
stack string in some accepting computation M.

Not arbitrary string is a viable stack string.
2V vs. 2YSwhere VS c V.
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Viable stack strings of G-

{e} u {ad"| n>0} v {ad"c| n>0}
v {ad"A| n>0} U {ad"Ad| n>1}
w {bd"| n>0} v {bd"c| n>0}
v {bd"B| n>0} U {bd"Bd| n>1}
v {S}

Not every action is valid, for viable stack string
ad"c| = . ad"Al, bdc| = . bd"B[; but

adc| _.,ad"B|, bdc| . bd"Al.

An action r is valid for viable stack string y of M if
$yly$ =" 8y ly'$="$y [$in M

The set of viable stack strings are infinite. But we
can divide the set of viable stack strings in to a finite
number of equivalent classes.

Two viable stack string belongs to the same equiva-
lent class if they have same set of valid actions.

Since for any G = (N, Z, P, S) In shift-reduce parser
number of distinct actions = |[Z| + |[P] < |G]
number of equivalent classes < 2/CGl.

. number of equivalent classes is finite.
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equivalent classes: valid actions:
{c} shift a, shift b
{ad"| n>0} U {bd"| n >0} shiftc, shift d
{ad"c| n > 0} reduce by A — ¢
{bd"c| n > 0} reduce by B — ¢
{aA} reduce by S — aA
{bB} reduce by S — bB
{ad"A| n>1} U {bd"B| n>1} shiftd
{ad"Ad| n > 1} reduce by A — dAd
{bd"Bd| n > 1} reduce by B — dBd

15} —

stack symbols: equivalent classes (grammar symbol)
X = [6X]: 6X: viable stack string
[0X]: equivalent class of 6X

shift a
[5]la — [5][54] |
reduce by A — X,...X_

[51[6X,] ...[6X,...X 1| — [8][5A] |

s = [e] and v = {[e][S]}
o [ellyz =" [e]lY4]...[Y,...Y, ] | z=" [€][S] |
Y,...Y; are viable stack string for 0 < Vi <k.
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Regular expression for valid viable stack strings
g, ad” | bd", adc, aA, ad*A | bd*B, ad*Ad, bd™c, bB,
bd*Bd, S
For regular expression E, we define
[E]=Vyer e W]
. L(E) < [E], in fact usually L(E) = [E].

equivalent classes: valid actions:
€] shift a, shift b
S] —
ad”™ | bd"*] shift c, shift d
[ad™c] reduce by A — ¢
'bd™c] reduce by B — ¢
[aA] reduce by S — aA
(bB] reduce by S — bB
ad*A | bd*B] shift d
[ad™Ad] reduce by A — dAd
bd*Bd] reduce by B — dBd

Regular expressions = finite automata
regular expression over N U X.
. finite automaton with input alphabet N U Z.
Characteristic finite state machine

Deterministic parsing of context-free languages?
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[aA]
S—aA A

A>C ([ad*AlbatB])  B7°

d d

(fad*ad])) (Jad*Bd])

A—dAd B—dBd

No ““reduce-reduce conflicts” by A— cand B — c.
[ad” | bd*][ad"c] | — [ad* | bd*][aA] |
(reduce by A — ¢),
[ad” | bd™][bd"c] | — [ad” | bd™][bB]
(reduce by B — c).
note that [aA] # [adTA|bd™B] = [bB].
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But ““shift-shift conflict”
[ad*[bd™] | ¢ — [ad*|bd*][ad™c] | (shift c),
[ad*[bd™] | ¢ — [ad*|bd*][bd*c]| (shift c),
and
[ad*A|bd*B] | d — [ad*Albd*B][ad*Ad] |,
[ad*A|bd*B] | d — [ad*A|bd*B][bd*Bd] | .

Consider ad", ad"A, and ad"B for n > 0.
ad" e [ad”|bd™]. But

ad"A e [aA] and [ad*A]bd™B].

bd"A e [aB] and [ad*A|bd™B].

[ad”|bd™] is split into [a], [ad*],[b], and [bd™*]
Since [ad™c] = [bd"c], [ad™] = [bd"].
Since [aA] = [ad™A], [a] # [ad™].
Since [bA] = [bd*A], [b] = [bd*].

[ad*A| bd™B] is split into [ad*A] and [bd™B]
Since [ad*Ad] = [bd*Bd], [ad*A] = [bd*B].
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[ad” | bd"]

[a], [b], [ad™], [bd™]
[ad™A | bd™B]

[ad*A], [bd*B]

y bS s—>s
dd

B

A
%
d d

A—dAd B—dBd
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Right invariant(unique outgoing symbol)
If two stack string 6, and &, are equivalent, they re-

main equivalent when they are lengthened.
If [5,] = [5,], [8,X] = [6,X].
Otherwise “‘shift-shift’” conflict.

()

[ XD
Unique entry symbol

Two equivalent stack string should end with same
symbols. If [y,] = [v,], y;:1 =v,:1.

Otherwise, reduce action is not uniquely defined.
Consider [8][8X,] ... [6X,...X 1| — [3A] ] .

the rule A — X,...X_Is uniquely defined, If
[5106X,"] ... [8X,"..X 1| — [5A"11,
JA” 5 X7 X, eP
3. [8A]=[6A"], [6X1=[6X,], ...,
[6X,... X 1=[8X,"...X."].

A _([AI=[5A"])

1 X
X XTI D 2o W IXI=16%, T
2 n

([8,1=[5,]
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Let G=(N, I, P, S) be agrammar. Stringy € V" is a
viable prefix of G, if

S = SAY =80y (=yBY)

where§ e V',y e X", and A - off € P.
v IS a complete viable prefix, if f = «.

Fact 6.1 Any viable prefix is a prefix of some com-
plete viable prefix.

Lemma 6.4 Any prefix of a viable prefix is a viable
prefix.

Proof  S=  "8AYy = SaBy = v,y,By
1) & Is a prefix of y;.

Y, = 6a’ where a = a’y,. .. v, IS a viable prefix.
1) v, Is a prefix of 6.(5 # ¢)

0A =y,m.n>0, v, Isaviable prefix. (L6.2)

Lemma 6.2 Let G = (N, X, P, S) be a grammar,
nePtyndeV,AeN andy e X"
IfS=_T"yny=06AyInG, and r # €. Then

S=, T&AY
:>rmr &OC_, ’y, - MB’y’
=" MYy = 8AY,
m'rn" =m,and o’ e (a’:1 =1v:1).
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If v Is a prefix of some nontrivially derived right sen-
tential form(not extending over the last nonterminal),
the derivation contains a segment rule(r) that proves
v to be a viable prefix, even so that the right-hand
side of the rule r cuts y properly.

Any prefix of nontrivially derived right sentential
form(not extending over the last nonterminal) is a Vvi-
able prefix.
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Proof induction on the length of .
) n]|=1l.a=S—>mMmy=A"> o’B’y.
8=y =g (y=a,ny=p)
1) || > 1. Assume that IH holds for =, where n=m,r,.
S =1 Y11 = 01AY,
=m't 0101 = YNy = OAY, T=IT,.
Then S = ™'8,°Ay,’
= 10070 By = v Yy
:rmnl,’Y1n1yl — 81’A‘1y1’
n,’rm" =mn, and é,’a,” =v,.
Note that y = 5,0 where o’ # € Or yo. = 0,
a) y = o,a”’, it is trivial, since

0'=0,Y =Y, T =n, T =€ r=r,.
b) yo. = 9,

S =1 yMY1 = 01ALY;.
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Lemma 6.3
S =" 6Ay. Then & is a viable prefix.
Proof. n = «.

Lemma 6.5 Let A— of € P. Then
If YA Is a viable prefix of G, then so Is ya.

Lemma 6.6 If
$ | w$ =7 $yn | y$. Then
$|lw$ =78y | 2$ ="y | y$, and n = w'n™.
Proof induction on |x|.
)T=¢,y=m=¢.
) tzeandn=¢, t=ml.

1) $ |w$ =™ Sy | ay$ =" $ya ly$, or

2) $ | w$ =™ $50 [ y$ =1 $6A | v$.
v 1s a prefix of y in (1), and a prefix of o in (2).

Theorem 6.7
Let G = (N, X, P, S), M be a shift-reduce parser of G.
Any viable stack string of M is
either S or viable prefix of G.
Conversely, any viable prefix of G is
a viable stack string of M,
provided that G Is reduced.
Proof fromlemma5.17, 5.19.
(shift-reduce parser = right parser)
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Givenagrammar G=(N, Z, P, S),
Let Gp = (Nyp, Zyp, Pyp, [S]) where
Nyp = {[A]| A € N},
Zyp =NUZ, and
Pyp ={[A] > a|]A—af € P} U
{[A]—>a|B]| A > aBp € P, B € N}.

Example)

(Gapvp: Gap-
S] — ¢|alaA|b|bB|a[A]|b[B] S — aA|bB
[A] — ¢|c|d|dA|dAd|d[A] A — c | dAd
[B] — ¢|c|d|dB|dBd|d[B] B—c|dBd

Rule automaton

Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(K) Parsing 15

Lemma 6.8 Let S = _"dAyin G. Then
[S] =" 8[A] in Gp.
Proof
1)n=0: 1t is clear (A=S, d=y=¢).
i) 0<m<n:
S=,,"0’A’y = 6’aABY’ = 6ABYy’ In G. (L6.2)
[A’] = a[A] €P,, since A’—>aABeP
[S] =" 8°'[A’] = &’a[A] = 8[A] in Gyp.

Lemma 6.9 Let [S] ="8[A] in Gp. Then

S =" 8Ay in G.
Proof
1) n=0: 0=¢, A=S, y=c.
ii) 0<Ym<n:

S =M §°[A"] = 8"a[A] = S[A] in Gyp,
A'—0AB € P, B =" xe £7, since [A']>a[A] € Pyp.
S = SAYY = 8’aAB = 8’aAxy’ = SAy in G.
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Theorem 6.10 The grammar G, , generates the set of

viable prefixes of G. And G, Is right linear.

Proof.

If S=, .~ 8Ay = _3aBy (=yBy) in G (A—>upeP),
[S] =" §[A] = Sa (=Y).

If [S]=" 8[A] = da € V and A — ap € P, then
S=..~ 8Ay = dafy.

Theorem 6.11 For any grammar G = (N, X, P, S), the
set of all viable prefixes is a regular expression over
V.

viable prefices = valid stack strings
= regular expression

G,p Is a regular grammar generating the set of via-
ble prefixes of G.

C, In G is the dfa for G, ..
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6.2 Valid LR(k) Items

Let A— af € P. Then [A — a3, y] Is a k-item, if
A — o is a position of G and y € =K,
O-item [A — aef, €] = [A — aef3]

A — aef3 Is core of the item,
y Is the lookahead of the item.

A k-item [A — a3, y] Is LR(k)-valid (or valid) for
string y(=8a.) € V" if
S= “6Az= 3apz (=yBz) andy = k:z$*

Let R, denotes the set of whole valid LR(k) items.

Fact 6.12 If [A — aep, y] I1s a LR(Kk) valid item for
string y(=da), then vy Is a viable prefix and
y € Follow, (daf) = Follow,(6A) = Follow, (A).

Conversely, if a string vy is a viable prefix, then some
item Is LR(k)-valid for v.
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Define ValidLR(k)G: V™ — 2Rk,
Lety e V™. Then
Valid(v), gy’ =
{[A—>a.B, X]| S = 8Az = Sapz =yBz, x = k:z$}
Valid LR(k) items for the viable prefix y
Valid > = Valid g, = Valid, = Valid
Valid: V" — 2R«

Define ppgy < V' x V*
v, IS LR(K)-equivalent to vy,,
if Valid (y,) = Valid (y,).

The relation p, Is called the LR(k)-equivalence for

G.
p, Is an equivalent relation.

[v] b, denotes an equivalent class of y under p,
[v], =18l v py O}

[v], =Lvl= 1],
We denote [y] b, by [v], (or even [y]).

Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(K) Parsing 19

We extend the domain of Valid, from V* to 2/
Valid (L) ={l e R | | € Valid,(a), a € L < vV}

Valid ([v],) ={l| I € Valid,(6), 6 € [y],}

Since Valid, (y,) = Valid, (v,), if y,v,€lv] or v Py 75
We may write Valid, (y) to denote Valid, ([v],).

Valid, (y) = Valid,([v],)
={l e R| I € Valid,(5), 6 € [y],}

[v],: denotes an equivalent class of
y(viable prefices) under p,.
may be infinite([y], < V")
Valid, (y): denotes a set of
[A—a., X](LR(K) items) under p,.
always be finite(Valid, (y) = R))

[v,], = [v.], iff Valid, (y,) = Valid,(y,),
bijective correspondence between

[v], and Valid,(y).
We may write (y), instead of Valid, (y)

Is it possible that y = 6 implies [y, x], = [3,Y],?
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Valid, () = {[S—.aA, $], [S—.bB, $1}

Valid,(a) = {[S—>a.A, $1.[A—.c, $1.[A—.dAd, $}

Valid, (aA) = {[S—aA., $1}

Valid, (ad™1) = {[A—>d.Ad k:d"$<],[A—>.c k:d"*1$1],
[A—>.dAd, k:d"*1$K]}

Valid, (ad"c) = {[A—c., k:d"$"]}

Valid, (ad"*1A) = {[A—>dA.d, k:d"$"]}

Valid, (ad"**Ad) = {[A—>dAd., k:d"$"]}

SO 2.(2 + 4(k+1)) = 8k + 13 (LR(K) states)

[ad*], = [ad], U ... U [ad<], U [ad+1d"],.

[ad*], = [add"],
= [ad], U [addd"],
= [ad], U [add], U [adddd"],

=[ad],u [add], U [addd], U [addddd"],

ad"c], = [ac], v ... U [ad“Ic], U [ad‘cd"].
ad*Al, = [adA], U ... U [adA], U [ad<*1d"A].
ad*Ad], = [adAd] U ... U [ad‘d], U [ad<d"d],.
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4/28/15 6. LR(K) Parsing 21
[v. €], denotes the an equivalent class of y,
0

under p,,.
[v], = [v], = [v] denotes an equivalent class of
0

valid prefixes under LR(0) equivalence.

Valid, (¢y, x)) denotes an equivalent class of
[A—o.3, X] under p,.
Valid, (y) can denotes an equivalent class of
valid LR(k)-1tems under LR(k) equivalence.

P V' x V', Ix 1. equivalent relation
[] V" [1],: 2" equivalent class
Valid,: V" — 2l, or 2" — 21,
Valid™,: I —» 2%, or 2! - 2V".
Valid, ({[vl, }) = Valid—lk({[l]lk})
Iff I € Valid,(y) and/or y e Valid‘lk(l)
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Theorem 6.13 The LR(k)-equivalence p, for G Is an
equivalence relation on V", p, is a finite index, and

the index of p, is at most 2/CI (=[+1)",
One of the equivalent class under p, Is

{v| v is not a viable prefix of G}.
Proof.

As [vi),, = Dol 11 Crp,, = (v2d,
bijective correspondence: [y] on and (y) o0
. Index of p, = number of distinct sets <y>pk
At most distinct |G| item cores in G and
IZI+ 2T+ L+ 2R+ 1< (2] + DK
A string vy Is a viable prefix iff [y]pk # O

.. set of non viable prefixes forms a single equiv-
alent class under p,.

Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(K) Parsing 23

Lemma 6.14 Let k < |. Then
T = {[A—>a.B, kiy]| [A—>a.B, y] € (v}

Lemma 6.15 Let k < |. Then LR(l)-equivalence Is a
refinement of LR(k)-equivalence. More specifically

[V]k - U [5]|-

[v], are bijective correspondence with (y), .
V).~ finite representation of the class [y],.
collection of all sets [y],.

finite representation of the entire LR(k) equiva-
lence

canonical collection of set of LR(k)-valid items for G
canonical LR(Kk) collection for G: C,.

canonical LR(k) machine M
(or deterministic LR(kK) machine)

— (Ck’ V’ {[y]kx — [’YX]k}, [S]k’ @)
e-free, normal-form, completely specified, and

deterministic fa
(1) right-invariance of the LR(k)-equivalence.

Since dfa, If [y, ] = [y ke [yy- Xk = Ly Xk
(2) [v] has a unigue entry symbol.

Since [y} -X = [y-X], € P,
Tyl =Dyl i1 =501
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[A — a-BB, Y] GLR(k) [B— -, z], z € First,(By)
OLr@k) = % =0
|, Is an immediate LR(k)-descendant of I, Iif I, 0 I,
l, is an LR(k)-descendant of I, if I, 0" I,
|, 1s an (immediate) LR(k)-ancestor of 1,
iIf 1, Is an (immediate) LR(k)-descendant of 1.

[B — -, z] Is iImmediate LR(k)-descendant of
[A — o-BB, y], if z € First, (By)

M ={[A—>a-B, ¥l
S =, "0Az = 6aBz (=yBz), y = kiz}
Fact 6.16 (y), = Uy (N = My

Lemma 6.17 If
[A—oa-BB,y]l ey and ="V e >". Then
[B > o, kivy] € (1) M™(y).

Lemma 6.18 (y), Is closed under o,, I.e.,
O ((rhd = e
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Lemma 6.19 If
[B— -, z] € ()" and n>0. Then

[A—>a-BB, y] € ()™, B ="My, kivy =z.
Fact 6.20 (y),” ={[S — y-o, €]| S>>y € P}

[A — a-B] Is LR-essential (or essential), if o = €
Inessential, otherwise.
Ess »(0) ={l € g I is LR-essential}.

Lemma 6.21 Let | € (y),", k,n=>0.

(Hn=0,y=¢, | =[S—> o, ¢].
(2) y =€ and | is essential.
(3) n>0, I Is inessential

and 7J, J o1, Jd e m<n.

Lemma 6.22
(&) < 8k*({S —> -0, e]| S—> o € P})

(W < 8 (Ess(()), ify # .

Lemma 6.23 (F.6.16, L6.18, and L6.22)
&) = 6k*({[S — -0, ]| S—> o e P})

<'Y>k — @k*(ESS«Wk))’ Ify+e.
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% relation on set of LR(K) items.
[A — a-XB, y] 1, [A — aX-B, Y],

~ pass-X, or y* for short
Basis (0, X) = {[A = aX-B, Y]| [A > o-XB, y]eq}

= ka(q)-

5, relation on set of LR(k) items.
Goto, x(g, X) = 9, (Basis, g(a, X)) = 3, (%, (@)
=16 =8,%(q).
X-successor, 8 for short

Fact 6.24
If [A = a0, y] € )", [A = an.B, Y] € (o),
If [A — aw-B, Y] € (1) [A = a-of, y]€(5),, 7=dw.

Lemma 6.25 Ess((yX),) = Basis({y),, X)
Ess((yX)) = 1 ((D)-

Lemma 6.26 (yX), = Goto((y),, X))
YX) = ak*(XkX((Wk)) — Skx(<V>k)-
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0,%(0) = @k*(Q)
5ky-X(q) — ak*(XkX(Sky(Q))), Y # €.

S 0,7(q) = 8|<X1(8|<X2( (gan(ng(qs))) )
— a|<*(X|<X1(ak*()(kxz( (8k*(ka”(8k*(qS))) .. ).

€], = 8,(dy) = d, ({S” — .S, $1})
:X]k = ak*(XkX([(C»] k))
:Vx]k = @k*(xkx([v]k))

Algorithm Compute M = (C,, V, P, q,, &)
g, :=9, ([S* = .S, $D);
P:=;
repeat
forge C,and X € Vdo

P .= ak*(XkX(CI));
C,:=C,u{p};
P:=Pu{gX—p}
od
until nothing Is added to C, .
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Lemma 6.27 Let M = (Q,,, V, Py, d,, F) be a canon-
ical LR(k) machine for G = (V, X, P, S). Then
(a) M Is deterministic.
(b) g € Q,,, Goto(p, X) = g, unique X.
(©) g5 ly="@ql, iffq= <v>k
(d) If F = {{y),} for some v, Ly, = [v],.
) It F={l (v =S},
L\, = Set of viable prefixes of X.

() 1FF = {(y)}forally, L,, = V"

Proof
Assume  (y;) - X = (v, X),, and

<V2>k X —> <V2X>k

where (y;), = (Yo).
Then (y,;X), = Goto({y, ), X)

= Goto((y ) X) = (¥,X).

Y K = (VX0 - M s deterministic.(a)
Assume Y Xy — (y)k, and (y,) Xy = (v). Then
P = Y X = 5k*(BaSi5(<Y1>k’ Xl))1

— <Y2X2>k — ak*(BaSiS(<Y2>k’ Xz))-
- Basis({yy),, X1) = Basis({y,),, X,) # &.
2 Xy =X,.(b)
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[e]ivavs =" [y1]cy, In M.
Since M is deterministic, [y], is the only state.(c)

Theorem 6.28
(a) The LR(k) equivalence of G Is the equivalence In-
duced by the canonical LR(k) machine of G.

['Yl] P, — ['Yz] P’

iff g, |y, =" q...ql and q, [y, =" q....ql .
(b) The LR(K) equivalence of G Is right invariance.
1y, = [l X1, = [rX,
(c) The LR(k) equivalence of G is ends with same
symbols.
tlvl, =Dl vi1 =701,
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[v], = 3"(ag) = Sy"([e]y) 2= (6 1) (6 ([e]y)-

[e], =8, ([S" — .S, $X).
[Y'X]k — a|<*(X|<X([Y]k))-
= 8kx([Y]k)-
- vl = 8/ (Lely).

6,°(a) = 1a}-
37(a) = 6, (i (3,(a)))-

[e], =6, ([S" — .S, $41).
[v-X], = 6kx(5ky(q))-
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6.3 Canonical LR(k) Parser

Let G=(N, %, P, S). The canonical LR(Kk) parser for
G Is a pushdown transducer M = ([G],, Z, I, P, 1,

[e],, {[],[S1.}. . ) where
[G], = {[3],| 8 € V'}

[ = {[81,[6X,]1;...[6%,...X 1, |y — [81,[8A], |y
| TA = X,..X o, y] € (8X,..X %} (ra)

U {13, | ay — [5], [5a], |y
|a e X, [A— aeaP, z] € (3),,

y € Firstpax-1, 03(B2)} (sa)
t([81,[8X,],....[8%,...X 1, |y — [81,[5A], | y)
=A X, X,

([5], |ay — [8] [5a], |y) = «.

B — aeAB, X] € 8),  [B—aA«BX] € (5A),
A > oX,... X, Y] € (),
A —> XX, X Y] € (85X, ),

[A— X,.. X e, y] € (6X,.. X ),
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Canonical LR(k) Parser
right parser

LR(K) parser < right parser

16.34 (T5.21: s/r par., T5.65: simple-prec. par)
LR(K) parser = right parser

L6.29, L6.30 (L5.17, 5.18 and L5.60, L5.61)
homomorphism h:

action in LR(k) parser
— action in shift-reduce parser
(81, [8X,1,...[8%,...X 1. |y = [8].[8A], |y)
=X, ... X, | > Al,
h([s], |a— [8],[5a], |) = la—al.
Furthermore, h:

configuration in LR(k) parser
— configuration in shift-reduce parser

(el X1y - DXy X1, [ wed) = $X, ... X [wsk

[e] X, ... [Xg...X ], [ x$
=9 [e] [Y,], ... [Yq...Y ] | y$¥implies
$X, ... X xSk =@ gy, v |ygk

LR(K) parser < right parser
1L6.31, L6.32, L6.33
(L5.19, 5.20 and L5.63, L5.64)
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Lemma 6.29 Let M be a LR(k) parser for G. If
[l [V ... [Yy...Y T, I xy$*

=9 [e] [X.]y ... [X;..X 1. |y$, 0 e T in M,
then

Xy.. X = TO%Y, Y xinG,
and [6] = [t(0)] + [x].

Proof Induction on the length of action string 6.
D0 =ec.x=¢,Y,...Y =X,..X_,and t(¢) = &.
1) 0 =r0’.
11.1) r is reduce by A — Yp...Yn, 1<p<n.
[el [V, 1, ... [Yy...Y ] | xysk

=Tl [Yo]y - DYy Yo dl Y1 Yo aAlL | xy$k

=9 [e] X1y - X X1 Tysk,
Xpoo Xip 2 ORY Y A= AP0y Y
and

nX’

107 = |=(©)] + [x].

s X X = (O)AS0RY Y X and
6] =1+|0°| = 1+|7(6")] + |x| = [¢()] + [X].
ii.2) r=[5], |la— [5],[5a] | e T,

[e]l [Y.], ... [Yy...Y 1, | xy$
= [e] [V ] ... [Yy...Y, ] [axys
=0 el [Y,], ... [Yq...Y 1 [Y,...Y a] | xy$
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=9 [e] [X.], ... [Xp.. X 1 | y$
and [6°[ = [¢(0")[ + [X’].
X, .o X axy =, fORY Y ax’y
- 8=, ) yxin G, and
6] = 1+]07] = [t(67)] + 1+[x’| = |(6)] + |X]

Lemma 6.30 Let M be a canonical LR(k) parser for
G. Then

(1) L(M) c L(G),
(2) VO: actions in M, () is a right parse of w,
(3) Timeg(w) < Time,,(w) - [w].
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Lemma 6.31 Let M be a LR(k) parser.
If [A — a-B, 7] € (ya,...a ) and k:y$k e First, (B2),

then [e],....[v], | a,...a y$*

=9 [e],....[v] [va,1....[va,...a 1, | y$*
where 0 Is a sequence of shift actions.

valid k-item = valid stack string

Proof

S’ =* 6Az" = d6apz’ =vya,...a,Bz’, and
Ckz=z Vi 1<i<n,

Nifa=0a’a...a,

[A—od’a...a-B,z] € [ya,...a 4],

(i if o6 = yal...aj_lAz’. By lemma 6.2,
S’="SAY = 8 a’af’y’ =vya,...ap’y’, and
Py =% aj,,...a A7,

S [AT = aaB, kiy’] e (yag...a )
and By’ =* ay,;...a ) A7’

=>*a.,,...a p7".
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Lemma 6.32 Let M be a LR(k) parser.
nR :
It X, . X =7 Y,..Y XinG,
[A— aef, 2] € (X[ X s
k:y$¥ e First,(Bz), and
either Y,...Y_ =¢gorY_ e N.
Then t(0) = =, |6] = |=| + |X|, and
[el [V 1, ... [Yy...Y ], | xys$k
=9 [e] [X,], ... [Xp... X 1 [y$, 8 e T in M.
Proof Induction on [x|.
Dm=e X;.. X =YY X
[l [Y,], .. [Yy...Y, ], [ xys
=9 el [Y ]y - [Yq-- Y ] [Yq-- Y, 1ix],
[Y,...Y X], | y3,
O Is a |x|-length shift action string(L6.31)
10| = [x], ©(6) = =&.
i) 1 =B—>wn,.
Xpoo Xy =™ Zy. . Z,BXy
= 2. Z X = Y,...Y XinG.
where X = vX;
0, 3. 1(0,) = ¢, |91|:|7I1|+_ X,|, and
[e1[Z]...[2,...Z.][Z,...ZB] | x,y$
=% [¢] [X . Xy X 1yS .
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And because [A —aef, z] € (X;... X )
38 Z’ ..
S"=*0AZ" —o0fz’ = X,... X Bz’
:>X X ouz’ in G,
rm m

andkz—z k:uz = k:y$.
S' *Z ZBluz r:>Z Zooxluz in G’.

Here k X,uz” = kix,uz = k:x,y$, so

[B—o-, Kix,y$] € (Zy...2,0)
Then [e][Y,]...[Y...Y, ] | xy$

= [el[Y]...[Y,...Y, ] | vx,y$

8 [e][Y,]...[Y;...Y,v] | x,y8

= [el[Z,]..[Z,...Z])...[Z;...Zyw] | xy$ in M,
for some |v|-length shift action string 0,.

Then an actionr’ .>.
=[2,..2)..[Z,..Zw] ly >

Z,..2]...[Z,.. ZB]|y,
where y' = k X, y$.
L [el0Y 1. [Yq...Y, ] | xy$
& e][X, ] [X X T [ y$ in M,
where 0 = 0,r’0;.
And (8) = t(8,)(r")t(6y) = rry = m,
|6]=|r|+Ix].
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Lemma 6.33 Let M be a canonical LR(k) parser for
G. Then

(1) L(G) < L(M),

(2) Vx: right parse of win G, ©(0) = m in M,

(3) Timeg(w) < Time,,(w) + |wl.
Proof

Yi..Y, =g X.. X =S5,

[A— aefB, 2] =[S > S, 5], y==«.

Theorem 6.34 Let M be a canonical LR(k) parser for
G. Then
(1) M is a right parser for G.

(2) YwelL(G), M produces all right parses of w.
(3) Time,,(w) = Timeg(w) + |w].
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6.4 LR(k) Grammar

G i1s LR(k) grammar if its canonical LR(k) parser
IS deterministicand S % *Sin G.

Theorem 6.35 Any LR(k) grammar is unambiguous.

“reduce-reduce conflicts”
[A; = o, Y] [A, = 0, Y],
ify, =y, A, > 0, 2zA, > o,.
“shift-reduce conflicts”
[A > a-aB, z], [B — o, V]
ify e First, (apz).

Lemma 6.36 Let M be the CLR(k) parser for G.
Then M Is nondeterministic iff

Ja state which contains a pair of items exhibiting
a reduce-reduce or shift-reduce conflict.
Proof
(<) 1, 1, € (), and either

ML =[A->X. Xy, L=[B—>Y..Y_-y] or
mhy=A->X.Xapz],,=[B->Y,..Y_- vyl
y € First, (aPz).
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Assume m < n, then for [6][0X,]...[8X,...X 1]y,
(1) [6][oX,]...[8X,...X ]|y — [0][5A]ly and
[0X .. X (1[6X,.. X ]...[8X .. X 1]y
— [0X,..Xi 1 ][6X,..X: ;B]|y In M,
Y Y =Xl X (iI=n-m+1; L6.24)
() [6X,.. X Jlay” — [6X,.. X ][6X,...X a]|y’
[0X;.. X 1[6X,..X]...[8X .. X 1]y
— [6X,.. X [][6X;..Xi 1B]ly, kray’ =y in M.
.. parser is nondeterministic.
(=) letr,, r, are conflicting actions in [y] of M, then

() (r) [vllay — [vllvally,
(r)) [vllayv — [v]lvallyv,

where [A; — ay-aBy, 2,1, [A, = 08B, 2,] € (1)
ye FIrsty a1, 0y(P124), Y& Firstoay s 03(BaZa);
Here B, B, ¥ *x$, and ify #yv, theny:1=§,
. V.= &. .. no shift-shift conflict.

() (ry) [8]...[8X,..X 1ly — [8][3Ally,
(ry) [v]..[vYyYally = [yllyBlly,

then [6X,.. X ] = [yY,..Y ], and

[A— X.. X -, y] € (6X,..X ), and

[B—Y,..Y Y] € (vYY

. reduce-reduce conflict.
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Lemma 6.37 (y), contains a pair of items exibiting a
reduce-reduce conflict iff
(@) S’ =" 8,Ay, = 8,0,Y; = 1y,
(b) S =7 0,AY, = §Z@Zy2 = Yo
(c) kiy, = ky,, and
(d) Aj—>o, 2 A,—,
hold in G’.
Proof [A—n,., kiy;], [A—>0,., KiY,] € (V).
Lemma 6.38 (y), contains a pair of items exibiting a
shift-reduce conflict iff
(@S’ = 81A1yl = §l@ly1 = YY1
(b) S’ =" 82A2y2 — §Z@Zy2 — YWY,
(c) kiy, =kivy,, v=e
hold In G’.
Proof
(<) [A —>a-apB, z] and [B — o-, y] are in (y),.
(=) o, = av, [A, o, kiy,], or
V= azw,, S’ =7 8,AY, = yazA.y,,.
By lemma 6.2, 3A" —» a"-ap’e P,
[A"— a"-ap’, Ky'] € (),
ap'y’ =" azA,y, = azm,y, = Vy,.
By (c) , there exists a shift reduce conflict.
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Lemma 6.39 The following statements are logically
equivalent for all G and k > 0.

(a) The canonical LR(k) parser of G is determin-
IStic.

(b) In the canonical LR(k) machine of the $-aug-
mented grammar G’ no states contains a pair of
items exhibiting a reduce-reduce or shift-reduce
conflicts.

(c) The conditions

S =" 8,A, = 8,0,Y; = W1,
S’ =" 8,A), = 3,0,Y, = VY,
and kiy; = Kivy,, v=¢

always implies that
6, =9,,A; =A,, and o, = o,

Theorem 6.40 For all k > 0, the class of LR(k) gram-
mars is properly contained in the class of LR(k+1)
grammars.

Proposition 6.41 Any pushdown automaton M with
Input alphabet £ can be transformed into an equiva-
lent grammar G with terminal alphabet X such that
M is deterministic if and only if G is LR(K) for some
k> 0.
LR(K) languages = LR(1) languages
deterministic languages = LR(1) languages
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Lemma6.42 Let G be LR(k) grammar and M be a
LR(K) parser for G.
Further let x, y € X* and

v e [GT* o [e] | xy$ =" v VS
If Yy’ .5. the condition xy’ e L(G), kiy # k:y’,
then y|y$ is an error configuration.
Proof by contradiction

v = [el[X,]..[X - X ] X X =7
If w|y$ were not an error configuration, then
[A— o-B, z] € (X;..X )y,

k:y$ e First, (Bz).
S’ =" 8A7’$ = dapz’$ = X,..X Bz’$,

k:iz’$ =1z, B="v, thenk:y$ = kivz = k:vz’ =k:y’,
and xvz’ € L(G), a contradiction.
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Lemma6.43 Let G be a LR(k) grammar and M be a
LR(K) parser for G, k > 1.
Then M detects an error in any Input string In
SH\L(G).
Proof

(1) k:w = k:w’, for all w’ € L(G), by lemma 6.42.

(i) k:w = k:w’ for some w’ € L(G).
Then3 Xx,y,y’ ..

() w =Xy,

(b) kiy = k:y” and xy’ € L(G).

(c) VYy" € Z*,xy" € L(G) implies k+1:y = k+1:y".
Lety =ay,,y’ = ay,’, and there exist y, y’ 3.

[e]|xay,’$ = ylay,"$ = y’|y,’$ in M.
Then

[A — aeaf, z] € (X;...X ),

ify=[e]...[X;...X ], where k:ay,” e First(afz).

By lemma 6.32,

[e][xay,$ =* [e][X,]...[X;..X ]|ay,;$

— \l]layl$ =% \V’lyl$-
By (c), xay;' € L(G) always implies k:y, #k:y;" .
. By lemma 6.42, y|y,$ is an error configuration.
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The parser loops forever when
(1) S — S|a : LR(0) parser is deterministic,

(2) S — ak*1|ASbX, A —> ¢ : not LR(K).

Theorem6.44 Let k> 0. Then M deos not loop forever
on any input string.
Proof Assume that M loops forever forw =xy e .
Then 2y, r. 5.

[e][W$ =* v, |yS,

yily$ =Ty 4 ly$ inM Vi > 1.
Lety; = [el..lvil, vi =" X Yip1 =m %5
Let r; be reduce action by A, — o; and

: Vi

[Ai = o, K:Z$] € (y,) "I

[elIxz;$ =* w,lz;$ = vz,
and more generally,

yilzd ="y 4178,
M loops forever on all xz;, 1 = 1.
But z; = ¢ because xz;  L(M) V 1 and

M 1s deterministic. Then
S= 6n+1An+1 — 8n+1Wn+1 =~ Tn+1 =" V1= X

G Is ambiguous, a contradiction.
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6.5 LALR(K) parsing

Theorem 6.45 The size of the canonical LR(k) parser
for grammar G is O(2/2IGI + Klog|Z|+log|Gl)

Proof

2(=+196°! - # of distinct LR(k)-equivalent classes.

2(H+DG |G| (|2 |+ 1)K
: sum of the lengths of all reduce actions

Whether does the grammar exist with this upper
bound?

k=0
Proposition 6.46 Foreachn >0, let G, =({Ay, Ay, ...,
A} {0, 1,aa,4a,...,a} P, Ay wherePis
A—1A,a,0<1<n-1
A — 1AL,
Ai—>0Aa, 1<i<n
Ai—>0Aa, 1<i<n
A, — a.
Then the size of the canonical LR(0) collection for G

is at least 2€I°M for alln >0, ¢ > 0.
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Let G=(N, X, P, S) be a cfg. Then a rule automaton,
M= (Q, NUZ, R, (§’, €), Q)
Q={A )| A—aP e PLU{{S, ¢), (S’ S}
R={(5, €)S— (S, S)}
U {(S’, &) > (B, &) S— BB € P}
U {{A, X = (A, aX)] A > aXp € P}
U {(A, o) > (B, &)] A— aBp € P}
M is a dfa but e-moves.

M’ = (K, NUZ, R, (S, €), K)
K={A, )] A—>ap € P,a=e} U {(S,¢), (S, S)}
R’={(S’, e)S > (S, S)}
U {(S’,e) > (B, X)|S—>Bp € P,B—> Xy e P}
U {{A, X = (A, aX)] A—> aXP € P, o # €}
U {{A, )X > (B, X)| A > aBB € P, a # ¢,
B —> Xy e P}

K| =1Q[ - N

R’={(S’, €)S —> (S’, S)}
U{(§,e)>(B,X))S—>BB eP,B—>XyeP}
U {(A, aya —> (A, aa)| A—> aaP € P, a =&}

U {(A, 0)B — (A, aB), (A, a)X = (B, X)
|A—>oaBB e P,az¢g B—> Xy e P}
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Let G=(N, X, P, S) be acfg. Then LR(k) automaton,
M = (Q, NUZ, R, (S, &, $, Q)
Q={(A, a, X)| A— af € P, x € Follow, (A)}
U {(S’, & $, (5, S, $4}
R={(S" ¢ S — (S, S, $}
u{(S’, &, $ - (B, &, V)|
S— BB e P,y e First (3$9}

U {(A, a, X)X = (A, aX, X)] A > aXp € P}
U {{A, a, X) = (B, €, y)|
A — oBB e P,y e First (Bx)}

M 1s a dfa but e-moves.

M’ = (K, NUZ, R, (S, ¢, $, K)

K={{A o, X)]|A—>af € P,a=g, X € Follow (A)}
u{(S’, & $9,(S, S, $}

R’={(S’, &, $5S — (S°, S, $}
U {(S’, & $ — (B, X, y)]

S—>BB e P,B— Xy e P,y e First(B$}
U {(A, o, XX > (A, aX, X)| A —> aXp € P, a =&}
U {(A, o, X)X = (B, X, Y)|A > oBp € P, o # &,
B— Xy eP,y e First(Bx)}

IKI'=1Q[ - IN|
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R’={(S’, €)S — (§’, S)}
U{(S,e)>(B,X)S—>BB eP,B—>XyeP}
U {{A, ava —> (A, ad)| A—> aap € P, a#¢&}

U {(A, 0)B — (A, aB), (A, a)X — (B, X)
|A—> aBB e P,a#¢ B— Xy e P}
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Gpe: S — aA|bB, A — ¢|cAd, B — ¢|cBd

7
‘A — cAd,
A — c-Ad, d$
A — c-Ad, dd
A—)', $ /B—)C'Bd, $\ S—)bB, $
A— -, $ B — c-Bd, d$ 11
BT =t ey
— C 1 B Y $ — Cb- !
\Q Z g5 s BBocBddS
B 'CBS’ gﬁ B — c¢B.d, dd
\B_C) cBd, % dl
€ 12
B— cBd, $
B — cBd-, d$
A — CcAd, B — cBd:, dd

A — cAd:, d
A — cAd-, dd
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the partition of the LR(0)-equivalent classes into
LR(K) equivalent classes are:

1o = [k

S]g = [Slk
a]y = lalk
ajp = Lalk
[aA], = [aAlk

ac*], = [ac], ... DU [ack], DU [acke™],
ac*A], = [acAly [u... (U [ackA], DU [ackc Al
actAd], =[acAd], ... [ackAd], U
ackctAd],

b]y = [blk

bB], = [bB]

bc*], = [belg ... U [bek], DU [bdcke ],
bc*B], = [bel v ... 0w [bek], Tu [bdcke*],
bc*Bd], = [bed]y L ... w [bekd], w [bdckc™d]y

6k + 12 linear in k
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Theorem 6.47
Let g be the state of LALR(k) machine for G, and g Is
accessible upon reading string 6.

Then o Is a viable prefix of G, and

veVavleqle {"),» Where y p, d.

Conversely,
If 1 e (y),

Then3gs.t. 1 € gand
g Is accessible upon reading any viable prefix 6

2.0 M Y.

LR(k) states: ([v] = (v < [Vl
={[A— a.p,x] € (8),] b € [y}

LR(0) states: ¢ 'Y]o>0 <Y>k [V]o
={[A > a.B] € (8),] 5 € [v]y}

LALR(K) states: {[v]oh = (Y) o> []o
={[A = a.p, X] € (&) & € [];}

Since [v], < [v],,
M S W o
core((y),) = core({y), o) = core((y)y)
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Let G = (N, X, P, S). The LALR(K) parser for G is a
pushdown transducer M = ([G],, Z, I, P, 1, [£],,
{[o[SIo}, 8, |) where
I = {[8],[6X,],-..[6X,... X 1, |y = [81,[8A1, |y
| [A = X X, y] e <X X 1ok )

(ra)
U {[8], lay — [5],[5a], |y
laeZ, [A—>aap, 7] € (vl
y € Firstmayk-1, 0}(P2)} (sa)

Theorem 6.48 The size of LALR(k) parser for G is
O(2|G| + klog|Z| + Iog|G|)_

Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(K) Parsing 55

Correctness of LALR(K) parser as a right parser.
L.6.49: right parser = LALR(k) parser
LR(O) parser(L6.29)
L6.50: LALR(k) parser = right parser
LR(K) parser(L6.32)

Theorem 6.51 For the LALR(K) parser M for G,
(1) M is a right parser for G
(2) Yw € L(G), M produces all right parses of w
In G
(3) TIME(w) = TIME, (W) + |w]|.

making LALR(K) parser
from LR(K) parser = uniting all states with the
same set of item cores
from LR(0) parser = add suitable k-length
lookahead strings to 0-items

Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(K) Parsing 56

LALR(K) lookahead set Is sufficient and minimal

Theorem 6.52

Let [A > a-B, z] € q. Then 3x, y and Xq... X, .3.
[e]ixy =* [e][X1]...[X1.. Xl ly$ in M,

where the set of cores In (X;...X;,), IS same as in ¢
and k:y$ = First,(Bz).

In CLR(K) parser
every item [A— o3, z] in any state q
can be ""used"" Iin the parsing of
all terminal strings of the form xy,
where k:y e First,(Bz) and g = ($y),.

sentence LALR(k) 1s same as LR(k)
no sentence additional reduce actions
iIn LALR(K)
Immediate Error Detection Property in LR(k)
reduce stack for error recovery in LALR(K)

G=(N,Z P,S)is LALR(K) if
Its LALR(K) parser Is deterministic and
S =7 Sis impossible in G.

A language over alphabet X is LALR(K) if
It is generated by an LALR(k) grammar.
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Theorem 6.53 (Characterization of LALR(k) Gram-
mars)Let G’ be a augmented grammar.
The LALR(K) parser of G Is deterministic iff
In the LALR(k) machine of G’
no state contains a pair of items
exibiting a reduce-reduce or
a shift-reduce conflict.

Theorem 6.54 The class of LALR(0) grammars coin-
sides with the class of LR(0) grammars. For k> 1 the
class of LALR(k) grammars is properly contained in
the class of LR(k) grammars.
Proof
(1) LALR(k) < LR(K):
uniting of states in CLR(k) machine
can only increase # of reduce-reduce conflicts.
(i1) LALR(K) # LR(k)
counter example:
S — aAa|bAblaBb|bBa,
A —C,
B —cC.
This grammar is LR(1)
but not LALR(K) for any k.
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Gerneralize the LALR concepts:
LA(K)LR(l) machine
— unite g4 and g

whenever the truncating of the k-length
lookahead strings to length | <k,
yields the same set of I-items.

e unite gq, gy If Trung(qy) = Trung(q,),
Trung(q) = {[A — a-B, LY]|[A — a-B,y] €0}

Fact 6.55
The LA(K)LR(k) machine is same to LR(k) machine.
The LA(k)LR(0) machine

Is same to LALR(K) machine.

Theorem 6.56 Let q be a state in LA(K)LR(l) machine
accessible upon reading string 6.
Then d Is a viable prefix of G, and

eV s Veqle {(")» Where & py y.
Conversely,
If 1 e (7).

then g s.t. | € g and
g is accessible upon reading any viable prefix 6

2.7 MO
States in LA(K)LR(l) machine

(vlpe < 7],
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6.6. SLR(k) Parsing

SLR(k) stands for Simple LR(K).
adding k-lookaheads in a crude, simple way.
seldom minimal lookaheads.

SLR(k) parser for G is the pushdown transducer M
= ([G]O’ 2, I, P, 1, [8]01 {[8]0[8]0}1 $! |) where
I ={[81,[6X,1,...[8X,...X 1, | y = [81,[8A], |y
| [A = X;.. X -] € [6X,...X ], and
y € Follow,(A)} (ra)
u {[8], lay — [8],[5a], | y
|a e X, [A— a-aB] € [d],
Y € Firstpaxge.1, oy(BFollow, (A))} (sa)

Theorem 6.57

The SLR(K) parser M for G Is a right parser for G.
Moreover, Vw € L(G),

M produces all right parses of w in G, and
TIME(w) = TIME,,(w) + |w][.
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Theorem 6.58 (Characterization of SLR(k) Gram-
mars) The SLR(k) parser of G is deterministic iff for
all state g in SLR(k) machine,
(1) Whenever [A; = o], [A, = o, ] € g, then
Follow,(A,) N Follow, (A,) = &.
(2) Whenever [A — a-af], [B > »-] € q, then
First (apFollow, (A)) n Follow, (B) = &.

Theorem 6.59
The class of SLR(0) grammars
coinsides with the class of LR(0) grammars.
Fork>1,
the class of SLR(k) grammars is properly
contained in the class of LALR(k) grammars.

(eg) S — Ac|bA|bc,
A—> ¢

Time to test SLR(k) property for G: polynomial to |G|
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Transformation of G into T, (G),
which is SLR(K) if and only if G is LR(K).

Idea : replace A by ([v]x, A)...
G=(N,ZS,P)
T (G) = ([Glix N, =, ([l S), P), where

P ={(lylx. A) > Uy...Uy
| [B=B1-AB2, YIk € (V) A= X1.. X € P,
1<¥I<m Ui = ([yXl...Xi_l]k, XI) If Xi e N,
:Xi IfX, EZU{$}

[B—P1A-B2, Y1 € (YAX

U: [B—>B1-ABy, V] € (1)
Ul: [A—)Xlxmi X] € <Y>k

Up: [AX1- X5 X, XTI € (X1

() Uy [AX1 X9 Xy X1 € (7X .. Xk

e
Um_|_1: [A—)X]_XZXm : X] S (yX1Xm>k
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([vlk A) is a useful nonterminal inT,(G), iff
[k € [Glk, A € N, and [B - o.AB] € [yl

S :>:m YAy
([elks S) = P([¥] Ay
Follow (([vIk, A)) = {k:yl S =y, YAY}

T(G) right-to-right covers G
= right parses in T\ (G) are mapped into
right parses in G by a homomorphism h.

Furthermore,
T (G) Is structurally equivalent to G.

= parse trees in T (G) and G have same structure

parse trees are same except for
the labeling of the nonterminal nodes.
parse trees are iIsomorphic
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Cover relations between Grammars
Let x, y e {"left", "right"}. Then

an x-to- y cover of G Is a pair (G h) where
(NZPS)andh 3 Y
i) ‘'w e L(G) and x-parses x of w in G,
h(r) is a y-parse of w in G.
1) W e L(G) and y-parses w of w In G,
“n e P*, 1is ax-parse of win G and h(n)= .

h maps x-parses of G into y-parses of G
If 'h, (G, h) is x-to-y covers of G,
G X-to-y covers G with respect to h
If G X-to-y covers G with respect to h,
(G, h) is x-to-y covers of G,

Fact 6.60 If G x-to- -y covers G, then L(G) = L(G)

Fact 6.61 If (M, 7) Is an x parser of G and if G x-to-
y covers G w.r.t. h, then (M, t°h) is a y parser of G.

(T (G), hy) right-to-right covers G, If
hy(U— Uq...U,) = A— X;... X, Where
U=(Iv], A), Ui = ([vyX1... Xj], X)) 1E X € N,
— Xi If Xi c 2.
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(M, 1) Is a x-parser of G, if t(0) = =,.

(G, h) is a x-to-y cover of G, if h(r,) = m,.
(M, t°h) Is a x-parser of G.

(M, 1) (M, t°h)

(OF

Consider a function M: " — {I""}
M(w) = 6.
M is deterministic if M: £* > T,
Consider a function G,: £* — {P*}
G,(w) = .
G i1s unambiguous, Iif G,: ¥ — P,
M°t Is a x-parser of G, if M°t: X" — {P"}
M°t = G,.

If G Is ambiguous,
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Example
G: S—>Ac|DbA|Dbc
A—> ¢

Follow(A) = {$, c}
G 1s not SLR(1) in state [b]

[e] c [S]
/S’—>.S, $\ S’>S, %
S—.Ac, $ Al [Ac]

S—>bA, 3 A ~SSAC S S S AC, $
S—.bc,$

A, C [b]

TW(G): ([el. S) > ([e], A)c|b([b],A)|bc
([e]l, A) > ¢
([b], A) > ¢

IUIm

S >Ac|bA|bc
A —e
A, — €
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Follow(A.) = {c}
Follow(A,) = {$}
T (G) is SLR(1)

T (G) right-to-right covers G w.r.t. h (T6.64)
Yw e L(G) where = is a right parse of w in T(G),
h(r) is a right parse of w in G.(L6.62)
Yw e L(G), where &t is a right parse of win G

It 5. h(n)=n, © is a right parse of w in
Tk (G).
(L6.63)
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Lemma 6.62 If [yA] € [Gly, ([y], A) =" @ in T,(G).
Then let = U;...U,y,

vX1...Xm € [Glk, and

A =mX X vin G, where

Ui — ([yXl...Xi_l], XI) If Xi S N,
— Xi If Xi S ZU{$}
Proof by induction on |x|.
IB:m=¢
IH: t = myr, r =W — Wy...\W, € P.
(Y], A) =™ Uy...UpWy
= Ug...UpWq...Wpy = ©.

By definition of Ty (G),

W = ([8], B),6 = yh,(U,...U,), and

Wi — ([821...Zi_1], Zi), If Zi S N,

— Zi’ If Zi S ZU{$}

By IH, "yX;...X,B € [G],, and,

A =m) X, . X Byin G,
[vX1...X,] = [8], and by right invariance,

[821...Zi_1] — [yXl...anl...Zi_l].
If choose m =n+p, 1 <1 <P,

Un+i = Wi, X4i = Z;, then the lemma is proved.
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Lemma 6.63 YA € [G]y, A =" X;... X,y in G, and
either X;... X, =¢or X, € N.
Then ‘1 € P* 5. hy(n) = = and
([v], A) =" Uq...Uyy in T (G).
Proof by induction on |x|.
Base: m =¢. Then t = ¢ and U; = ([y], A).
Induction Step: & =mr, r=B— Z;...Z,,
A %n)nl Yl' . 'YnByl ﬁr Yl' . .Ynzl. . 'Zpyl
= X1...Xpy In G.(m=n+p)
"1y of TY(G) .
hk(TCl) = TCJ_ and
([v], A) 2™ Uy .Un([yY1... Yol B)Ys
where Ui = ([le"'Yi-l]’ YI) If Yi e N,
— Yi If Yi c 2.
Then “r= ([yY;...Ypl, B)>Upiq...Upep in Ti(G)
where Ui = ([le...Ynzl...Zi_l], ZI) If Zi e N,
— Zi If Zi c 2.
= hy(rqr) = h(my)hy(r) = myr = mt, and
(['Y], A) ﬁ“lrUl...Un+py1 — Ul...Umzyl
— U1Umy
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Theorem 6.64 T, (G) right-to-right covers G w.r.t. h;.

Corollary 6.65 If (M, ) Is a right parser of T,(G),
then (M, th,) is a right parser of G.

Lemma 6.66 y € Follow,(([y]x, A)) In T, (G) iff
S=*3AzInG, [0l = [yl l:iz =Y.

In other words,
y is a follower of ([y]x, A) In T, (G)

Iff y 1s a follower of A in G
In some context LR(k)-equivalent to v.

Lemma 6.67
[U —> Um°°'Ui'Ui+1"'Up’ y] S <U1...Ui>|
in T, (G) iff
[A —> Xm...Xi,Xi+1...Xp, y] € <X1...Xi>|,
U= ([X1...Xh-1], A), and 1< j<p,
Uj — ([Xl“'xj-l]’ Xj) If Xj e N,
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Lemma 6.68 If G is non-LR(k), then so is T, (G).
Proof
(i) S =S, then ([¢], S) 7" ([l 9),
- Ti(G) 1s non-LR(K).
(11) (X1...Xj) contains a conflict. Then
[A —> Xm...Xi-, y] S <X1"°Xi>k’
[B —> Xn...Xi-Xi+1...Xp, U] S <X1...Xi>k,
y € FiIrst(Xj+1-..XpU).
Then by lemma 6.67,
[U —> Um...Ui', y] S <Ul'°°Ui>k1 and
[W— Up...UjpUjsg...Up, u] € (Ug...Ugy,
where U = ([ X1... Xp-1]k A),
W = (Xg.. Xpale B,
Uj — ([xl'“xj-l]k’ Xj) If Xj e N,
UzWorm=nori+l<p,
y € First(Uj+q...Upu).
- Ti(G) 1s non-LR(K).
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Lemma 6.69 If T,(G) is non-SLR(k), then G Is non-
LR(K).
Proof If T, (G) is non-LR(k), we have
[U —> UmU,] S <U1...Ui>0,
[W —> Un-°-Ui'Ui+1-°°Up] S <U1...Ui>0,
y € Followy(U) n First(Uj1...UgFollow,(W)),
U1 € Z whenever i+1 < p. Then there exist
U = ([Xg.. X1l A).
W = ([X1...Xn.1]k: B), and
Uj = ([Xl'“xj-l]k’ Xj) If Xj S N,
— Xj If Xj e 2 U {$}, 1< Vjﬁ P.
By lemma 6.66,
S =*yAZ [vlk = [X1.. Xyl kiz =Y,
S =*0Bu, [0]k = [X1... X41]k kixu =y, and
x € First(Ujsq...Up).
(1) IfUjyq € Z, X341 € Z, 100. Then
[A—)Xl...Xi-, k:Z$], [B—>X1...Xi-Xi+1...Xp, k:U$]
exhibit a conflict.
(1) 1 < p, by the right invariance, 1 = p, then
reduce-reduce conflict.
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Theorem 6.70 Any grammar G can be transformed
Into a structurally equivalent grammar which is
SLR(K) iff G is LR(k).

Theorem 6.71 For any k > 0,
the families of LR(k) languages,
LALR(K) languages, and
SLR(k) languages
are all equal.
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6.7. Covering LR(k) Grammars by LR(1) Gram-
mars

- LR(k) language = LR(1) language
LR(k) grammar = LR(1) grammar
right-to-right cover
- deterministic language = SLR(1) parsing

Ty 1(G) right-to-right covers G, and
Ty 1(G) IsLR(1), iff G is LR(k+1)

|dea
e shift the derivation trees in G
k symbols to the right
e reduce actions are postponed until 1 symbol
lookahead is sufficient to resolve uniquely.

A is replaced by set of (x, A, y)’s, where
y € Follow(A), x € First (Ay).

ly] <k and [x| = k.
L((X, A, Y)) =

{z]S="uUAw =* uvw, y = kiw, x = kivw, Xz =
vy, |x| =k}
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X
<

v 7 (@) |v] >k
ly| =
(X, A,Y)
5 y—2 (b) |v] <k
ly] =k

A (X, A,

X C < k
: v ©) Iyl

Figure 6.20 (p85)
vy = Xz, where A=*v, (X, A, y) =* Z,
and |x| = k.
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Let G=(N, Z, P, S) be agrammar.
Tk 1(G) =(N', X, P", §'), where
N = {S'}
u {(x, X, ¥) | y € Follow,(X), x € First, (Xy)}
P'={S" — x(x, S, €) | x € First,(S)}
U{lo A Ym) =
Yo X1, YD1, X2, ¥2) - - Ym-15 Xins Ym)
| m>0, A>X;... X, € P,y € Follow,(A),
0<Vi<m,y; e First(Xi+1Yi+1),
Follow,, Firsty in the context of A =* y,...}
U {(ax, a, xb) - b | xb € Follow,(a), |xb] =k}
v {(ax, a, X) = ¢ | x € Follow,(a), |x| < k}.
Yi € FOllOWk(Xi)
h: PP— P U {e}
h1(S" — x(X, S, €)) =&,
N1 (Vo A Ym) = Vo X1, Ya)--- Y- X Ym))
=A-> Xl' . .Xm,
h..((ax, a, xb) - b) = ¢, and
h.((ax, a, x) > ¢) = «.

Two problems
1) (T, 1(G), hyy) Is a right-to-right cover of G.
16.78(=: L6.72-74, <: L6.75-77)
i) T, ,(G) is LR(1) if and only if G is LR(k+1).
T16.85(«=: L6.79-81, =: L6.82-84)
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Example
First,

S—>Abb|Bb {a}
A—aAla {a}
B—>aB]a {a}

$— a@as, g

(a, S, ) > (a, A, b)(b, b, b)(b, b, €)

| (a, B,b)(b,Db,ce)
(a,A,b)—> (a,a a)(a A Db)

Kwang-Moo Choe

(a, a, b)
(a, a,a) (a, B, b)
(a, a, b)

M OT oD

PL Labs.,
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Follow1

{e}
10}
{0}

S — Abb
S — Bb
A — aA
A—a
B — aB
B—a

M Mm M

Dept of CSKAIST
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Example
First, Follow,
S— Abb|Bb {aa, ab} {e}
A—aAla {aa, a} {bb}
B—>aB]a {aa, a} {b}
S — aa(aa, S, g) g
| ab(ab, S, ¢)
(aa, S, €) — (aa, A, bb)(bb, b, b)(b, b, €) S—>Abb
(aa, B, b) (b, b, €) S—Bb
(ab, S, ) — (ab, A, bb)(bb, b, b)(b, b, €) S— Abb
(ab, B, b) (b, b, €) S—Bb

(aa, A, bb) — (aa, a, aa) (aa, A, bb) A — aA
| (aa, a, ab) (ab, A, bb) A — aA

(ab, A, bb) — (ab, a, bb) A—a

(aa, B, b) > (aa, a, aa) (aa, B, b) B — aB
| (aa, a, ab) (ab, B, b) B — aB

(ab, B, b) — (ab, a, b) B—a

(aa, a,aa) —> a €

(aa, a,ab) > b g

(ab,a,bb) > b g

(ab,a,b) > ¢ €

(bb, b, b) > ¢ g

(b, b,g) > ¢ g

Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(K) Parsing 78

Lemma 6.72 Consider G and Ty 1(G) be grammar.

It (%A Y) =" (o, X1, YD)+ mers Xins Yim)2
=®in Ty 1(G).
Then yg = X, Yz = Vvy; and
A =" X1 X5... XV in G.
Moreover, if |y,| <k, thenz =¢.
Proof by induction on |r'|
IB:m=1Yy=X,Yyy=VY,Z=V=¢,and X; = A.
IH: " =m,'r’
(% A Y) =™ Vo, X, Y1) Un2s X1 Yn1)Onts X,
Y21 =" (o, X1, Y1)---(Vn-2s Xn-, Y1) 0Zg = @
Moreover, v, S.t.
Wo = X, Yn'Z1 = Vpy, and
A =T X1X2. . .Xn_1XV1 In G.
Case 1:
"= (n-1 X Yn') = G2 X Yn)---Om-15 Xms Yim),
m=>n-1.
By definition, y,, =y, and h(r') =X — X,... X, € P.
Then we have:
Yo = X, YmZ1 = Yn'Zy = VY, and
A =" XqXg.. XXy =7 X Xpvy in Ty 1(G).
=11,V =V1.
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Case 2:r' = (au, a, ub) > b. h(r') = «.
Ifm=n-1,z=Dbz,, and v = avy, we then have:
D = (Yo, X1, Y1)---(Yn-20 Xn-1, Yn-1)PZ1
= Yo X1, Y1)---Om-1 Xy Ym)Z, (Yo' = UD)
Yo = X, YmZ= Yn-1bZ1 = ay,'zy = avqyy = vy, and
A =T XX XV = XL X pavy = Xq.. XV
Case 3:r' = (ay,, a, ¥y') = . |y, /| <k, h(r') = .
fm=n-1,z=2y,andv =avy, we then have:
D = (Yo, X1, Y1)---(Yn-2, Xn-1, Yn-1)71
= Yor X1, ¥1)---Ym-1: Xmr Ym)Z,
Yo = X, YmZ= Yn-1Z1 = @Y'2q = avyy = vy, and
A =) XX XV = X X vy = XqL L XV

X1 Xp1Xp Xm V1 71
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Lemma 6.73 If

(x, A, y) =" zin Ty 1(G), then

A =" vin G, where vy = xz.
Proof

®=zInL6.72.

Lemma 6.74 If =’ Is a right parse of w in Ty 1(G),
then h(r) 1s a right parse of w in G.
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Lemma 6.75Let G=(N, X, P, S)

A =" X1 X5... XV in G,

m =0 or X, Isanonterminal,

y € Follow,(A), y,= k:vy, ynZ = vy, and

Yi € Firstk(Xi+1yi+1) 0<i<m.
Then there is a rule string ©’ of Ty 1(G) .>.

h(n') = &, and

Vo A Y) =™ (Voo X1, Y1)--- V-1 Xims Ym)?
In T, 1(G).
Proof by induction on |x|
IB:m=1Yy,=X,Yyy=V,Z=V=¢,and X; = A.
IH: © =m¢r. Then
A =" X Xs5.. . X,Bvy

=' X1X2. . .ann+1. . .XpV]_

= Xl...XmV In G

Here, v = Xp+1..-Xpvy, because r =B — Xpiq... X,
Ifp>m, lety, =kivyy, 371 3. ypz1 = vpy.
And lety; = kiXi1 Vi1, m<1<p.
Theny, =kivy = kiXipeq---XpV1yY = KX+ 1Ym+1,

and yp, € First(Byp).
By IH:

h(TCl') = Tq, and
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Vo, A Y) =™ (Yo, A, Y)
=" (Yo, X1, Y1)---Wn-1s X, Y'n)z1 In Ty 1(G).
And 31’ 5.

"= (Y, X1 yn+1)---(Yp-1’ Xps yp)
h(r')=r.
Then

Vo A Y) =™ (Vou X1, Y1)---(p-1s Xpr Yp)2a

Vm Xm+1 Ym+1)---Vp-1. Xps ¥p) =T e X
In Ty 1(G), where " = p - m rules of the form
(ax, a, xb) »> b or (ax, a, X) > €.
Then
(Vo A, ) =™ (Yo, X1, Y1)+ Y-t Xen Ym)UZ1
In T, 1(G).
Let o' =m{'r'ny’, then h(n') = =.
And y,uz, = vy = y,z implying uz; = z, as claimed.
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Lemma 6.76 If

A="vinG, and
y € Follow,(A), x = k:vy, and xz = vy,

then for some =’ of T, 1(G),

h(n') = m and
(X, A, y) ="zin Ty 1(G).
Proof

m=0and y, = x in L6.75.

Lemma6.77 If wisaright parse of win G, then w has
In Ty 1(G) aright parse n’ .5. h(rn') = m.

Theorem 6.78 For all grammars G and k > 0,

Ty 1(G) right-to-right covers G w.r.t. the homomor-
phism h.
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Lemma 6.79
Vo, X1, Y1)---(n-1, Xny Yn) =272 In Ty 1(G).
Then ?v 5. X;...Xp =* vin G and
V¥n = YoZ.
Lemma 6.80
[U = ¢y, d] € (D);.
Then the form of ® and [U — ¢y, d] are
(i) @ =X, [Sp — x-y(xy, S, €), $].
(i) D =X(x, S, €), [Sg = X(X, S, €), $].
(1) @ = yo(yo, X1, ¥1)---(Vr-1: X2 Vi),
[V A YR) = e Xiets Y1) - V-1 X V)
Ve Xea1s Yr+1) - - Yn-1, Xns Y, d,
where [A = Xpa1-- - XpXpe1--- X0, Ypdl
€ <X1 . 'Xl’>k+l'
(Iv) @ =yo(Yo, X1, Y1)---(Yr-1, X, @X) and
[(ax, a, xb) — ‘b, d]
where [A — a-aB, ¥'] € (X1... Xpk+1
and xbd € First,,1(By’).
(V) @ =yo(Yo, X1, Y1)---(Yr-1, Xp, @x)b and
[(ax, a, xb) — b, d] where... same to (iv).
(Vi) @ =Yo(yo X1, Y1)---(Yr-1, X, @x)b and
[(ax, a, xb) — -, d]
where [A — a-aB, ¥Y'] € (X1... Xpk+1
and x$ € First,.1(By’).
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Proof cases on the form of U.
Casel: U = Sg. Then (1) or (i) Is true.
Case2: U =(x, A, y). Then
So” = S0 = Yo(Yo, S, €)8 =" Yov(X, A, ¥)z3$
= Yordwz$ = Oyzd in Ty 1(G)’
and 1:z$ =d. |
* (o, S, 8) =" (%, A, y)zin Ty 1(G).
Y% A Y)Z= (Yoo X1a Y1) - (Yme1s Xy X)X, A, Y)2
and S = X1...XnAyz In G.
Ty =X Yn =V, A > Xje1---Xp€ P,
U— oy
= Ym A Yn) = Omi Xm+1s Yms1) - Vn-10 Xns Vo).
Then
S* = X1 XnAYZE =X1.. X Xma1.- - Xpyz$ in G’
and [A = Xia1-- - Xp Xpgg- .- Xy kK+11yz9]
(X1 Kpdke1.
. (1) is true.
Case3: U = (ax, a, xb).
By lemma 6.72,
(Yo S, €)$=>"Yo(Yo, X1, Y1)--- (Yr-1, Xp, @X)(ax, @, xb)z,
and A’ — Xiyq... X, € P,
Yo S, €)3=>"YoYor X1, Y1)--- Vi1, Xii Y Vis A”, Yp)U
= Yo(Yo, X1, Y1)---(Yn-1. Xn» Yn)U, @and
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Vr+1 Xp+2s Yr+2)--- V-1, Xn YU =7 Z.
58T = X W KAYRUS = XL Xpypud
In G by lemma 6.72.
[A’ > Xiyq.. . XpaXpo.. . X, K+1:y,U8]
€ <X1 . 'Xl’>k+1’
and Xp4p...Xp =V IN G, VYU = Y417,
xbd = k+1:y,,412$ € First ;1 (Xxo... Xy u$)
= First .1 (Xpeo.. . X (k+1:y,U$)).
. one of (iv) and (v) Is true.
Cased: U = (ax, a, x), similar to Case3, (i) Is true.

Lemma 6.81 If T 1(G) Is non-LR(1), then G is non-
LR(k+1).

Proof

Let @ be a viable prefix 5. 1, J € (®)4

which cause a conflict.
Casel: ® = x(x, S, €), | =[S — x(x, S, €)-, $],
J=[(X A g)— (X, S, g), $].
Then [A—S:, $] € (S)r+1,
S’ =S =*A$ =S$inG’, and S=" Sin G.
Case2: @ = x(x, S, €), | = [Sqp — X(x, S, €)-, $],
J=[(x, A, &)— -, $].
Then [A —+, $] € ()41, and S* =S$ =*A$ =S$ in
G.
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Case3: © =Yo(Yo, X1, Y1)---(Yr-1. Xp2 Y1),

I=[(Ym AYD)=2>Om X1 Ym+1) - Vet X Yides
d]

J= :(yp’B’yr)_)(yp’xp+1’yp+1)-°-(Yr-1’ Xr’ yr)” d]-
Then [A —)Xm+1. : .XrO, d] and [B—)Xp+1. : .XrO, d]
cause a conflict In (Xq1...Xp)k+1-
Cased: ® =yy(Yo, X1, Y1)--- (Y1, X, 8X),
I=[Ym A YD) YmXm+Ym+D)--- Vs Xp@x)e,
0]
J = [(ax, a, xb) —>b, d].
Then [A 5X41.--Xpe, axb] and [B —aeap, y’]

cause a s-r conflict in (X;...X k41
because xbd e First,1(BY’).
CaseS: @ = yy(Yo, X1, Y1)--- (Y1, X, 8X),

I=[VmAYD)>OmXm+1Ymen) - Ors XpaX)e,

$]
J = [(ax, a, xb) —>e, $].
Then [A 5 Xp+1---Xpe, ax$] and [B —aeap, y’]

cause a s-r conflict in (X;...Xk+1
bacause x$ € First,,1(BY’).
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Lemma 6.82 Let
Xi ﬁ* Vi, Vi € FO”OWk(Xi), and Yi-1 = k3ViYi-
Then
Yor X1, Y1)---(Yn-1: Xn Yn) 27 2,
where vy...VpYn = Yol

Lemma 6.83 Let
[A —> Xm+1. . .Xr'xr+1. . .Xn, ynd]

€ <X1 . 'Xr>k+1’
Xi=*viandyj; = kiviy;, 1<7i<n,0< m<r<n.
Then
(0) [Vms A Yn) = Vme X1 Y1)+ - Vr-1s X Vi)
Vrs Xpa1s Yre1)---Yn-10 Xns Yn)» d]

€ Yo(Yo, X1, Y1)--- (Y1, Xpy Y1
Moreover, if r < n and
Vs Xp+1s Yr+1) = (@X, @, xb), then
(c) [(ax, a, xb) —>-b, 1:ud]
€ Yo(Yo, X1, Y1)--- (V-1 X YD1,
where Xbu = Vi, 1...VYp.
Similarly, if r <nand
(Y Xr+1, Yr+1) =(aX, &, ), then
(d) [(ax, a, xb) — -, ]
€ Yo(Yo, X1, Y1)--- (Y1, Xps Y1
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Proof
(i) By definition, v e >* .>.
S" = S$ =" Xq... XpAVS = Xy X Xipeg- - - Xpv$
and k+1:v$ = y,d.
Then

(Y0:5,8)=" (Yo, X1.YD)- - - V-1 Xm Ym) Y AYn)Z,
YmAYn) =V mXm+1:Ym+1) - - (Yn-1:Xn:Yn)
in T 1(G).
Then
SO’ — So$ — yo(yo,S,8)$

="Yo(Y0.X1.Y1)- - - V-1 Xm:Ym) Ym:AYn) 28
= Yo(Y0:X1,Y1) Yn-1:Xn:¥n) 2$.
. (b) Is true.
(i1) Assume that r <n, (Y, Xr+1: Yr+1) = (8%, @, Xb).
Then (ax, a, xb) - b Iin T, 1(G) and
Xi =7 Vi, ¥; = KiVigq...Vy, €Follow,(X;),
Vr+1s Xr42 Yr+2)- - Vne1:XnYn) = U by lem6.82
where Veio...VpYp = Yr+1U = XbU.

Then by (b) and lemma 6.17, (c) Is true.
(ii1) In a same manner (d) Is true.
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Lemma 6.84 Let G = (N, X, P, S) and k > 0.
If G is non-LR(k+1), then Ty 1(G) is non-LR(1).

Proof
(i) if S=7Sin G, then Ty 1(G) is ambiguous.

S =%A;.. . ALS, A ="¢ for all i.
then “x in T, 1(G),

(X,5,8) =1 (X,A1,X)...(%ALX)(X,S,€).
By lemma6.75, A, ="¢ implies (x,A;,x)=>"¢ for all i.
(%, S, €) derives itself and Ty 1(G) Is ambiguous.
(i)

[A=> X1 K W], [BXpiq. - Xy, W]

€ (X1 Xp)k+1-

then for y,d = W, y; = K:Viz1Yies

[Vims A Yo) 2 Ome XY ma1) - - Or -1 XpYe)d],

[(Yp’ A, yr)_)(Yp’Xp+1’yp+1)- . -(yr -1’Xr’Yr)"d]’

€ (Yo(Yor X1, Y1)+ - (Yr -1 XY k1.

(iii)

[A—Xn 1 Xp Wi L [B—X 1. Xp X 100X, W]

& (Xq. X1, Wy €Firstyy 1 (X 1... X Wo).
then Fv; .. X; = v and kK+1:Vppq...VoWo = Wj.
let y; = K:Viy1Yi+q, then
Yr = KiVpi1Yit1 = KV qVeeoYrso
= ... =KVpg1.. VY
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and wy = k+1:v 1.V Wo
= K+1:Vpsq...Vayado.
Then by lem6.83,
[YmAYD=> Vi Xme 1 Ym+1) - - V-1, Xpr Vi)' A
€ (Yo(Yo, X1, Y1)+ (Yr-1, Xp Y1
It (yr, Xr+1: Yr+1) = (aX, @, Xb),
[(ax, a, xb) —eb, 1:ud,]
€ (Yo(Yor X1, Y1)+ (Yr-1, Xp YD1,
Xbu € Viyq...VpYp
Then wy = K+1:Vp4q...Vpyado = kK+1:avp,s...VaYads
= k+1:axbud, = k+1:ybud,.
+. Ja shift-reduce conflict.
If (Y, Xi11, Yra1) = (aX, @, x), by 1em6.83, d, = $,m
[(ax, a, X) =, $]
€ (Yo(Yor X1, Y1)+ (Yr-1, Xp Y1
Yr+1 = KiVpgo . .VYn = Vego. .. VYp,
Yr = &Yr+1 = Vr+1---VpYn-
- d; = $ and Za reduce-reduce conflict.
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Theorem 6.85
For any reduced grammar G = (N, Z, P, S) and k> 0,
Ty 1(G) IsLR(1) iff G is LR(k+1).

Theorem 6.86 For k > 1, any reduced grammar G,
G can be transformed into G’ ..

G’ Is an equivalent grammar,

G’ right-to-right covers G, and

G’ is LR(1) iff G is LR(K).

Theorem 6.87 For any alphabet Z,
the family of deterministic languages over X
coincides with
the family of SLR(1) languages over .
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	b) ga = d1
	S ﬁrmp1 gh1y1 = d1A1y1.
	Lemma 6.3
	S ﬁrm+ dAy. Then d is a viable prefix.
	Proof. h = e.
	Lemma 6.5 Let A Æ ab Œ P. Then
	if gA is a viable prefix of G, then so is ga.
	Lemma 6.6 If
	$Ùw$ ﬁp $ghÙy$. Then
	$Ùw$ ﬁp’$gÙz$ ﬁp"$ghÙy$, and p = p’p“.
	Proof induction on |p|.
	i) p = e, g = h = e.
	ii) p ¹ e and h ¹ e, p = p1r1.
	(1) $Ùw$ ﬁp1 $yÙay$ ﬁr1 $yaÙy$, or
	(2) $Ùw$ ﬁp1 $dwÙy$ ﬁr1 $dAÙy$.
	g is a prefix of y in (1), and a prefix of d in (2).
	Theorem 6.7
	Let G = (N, S, P, S), M be a shift-reduce parser of G.
	Any viable stack string of M is
	either S or viable prefix of G.
	Conversely, any viable prefix of G is
	a viable stack string of M,
	provided that G is reduced.
	Proof from lemma 5.17, 5.19.
	(shift-reduce parser = right parser)
	Given a grammar G = (N, S, P, S),
	Let GVP = (NVP, SVP, PVP, [S]) where
	NVP = {[A]| A Œ N},
	SVP = N » S, and
	PVP = {[A] Æ a| A Æ ab Œ P} »
	{[A]Æa[B]| A Æ aBb Œ P, B Œ N}.
	Example)
	(Gab)VP: Gab:
	[S] Æ e|a|aA|b|bB|a[A]|b[B] S Æ aA | bB
	[A] Æ e|c|d|dA|dAd|d[A] A Æ c | dAd
	[B] Æ e|c|d|dB|dBd|d[B] B Æ c | dBd
	Lemma 6.8 Let S ﬁrmndAy in G. Then
	[S] ﬁ* d[A] in GVP.
	Proof
	i)n=0: it is clear (A=S, d=y=e).
	ii) 0 £ "m < n:
	S ﬁrmmd’A’y’ ﬁrmd’aAby’ = dAby’ in G. (L6.2)
	[A’] Æ a[A] ŒPVP, since A’ÆaAbŒP
	[S] ﬁ* d’[A’] ﬁ d’a[A] = d[A] in GVP.
	Lemma 6.9 Let [S] ﬁn d[A] in GVP. Then
	S ﬁ* dAy in G.
	Proof
	i) n=0: d=e, A=S, y=e.
	ii) 0£"m<n:
	S ﬁm d’[A’] ﬁ d’a[A] = d[A] in GVP,
	A’ÆaAb Œ P, b ﬁ* xŒ S*, since [A’]Æa[A] Œ PVP.
	S ﬁ* d’A’y’ ﬁ d’aAb ﬁ* d’aAxy’ = dAy in G.
	Theorem 6.10 The grammar GVP generates the set of viable prefixes of G. And GVP is right linear.
	Proof.
	If S ﬁrm* dAy ﬁrmdaby (=gby) in G (AÆabŒP),
	[S] ﬁ* d[A] ﬁ da (=g).
	If [S] ﬁ* d[A] ﬁ da Œ V* and A Æ ab Œ P, then
	S ﬁrm* dAy ﬁrmdaby.
	Theorem 6.11 For any grammar G = (N, S, P, S), the set of all viable prefixes is a regular expres...
	viable prefices = valid stack strings
	= regular expression
	GVP is a regular grammar generating the set of viable prefixes of G.
	C0 in G is the dfa for GVP.
	6.2 Valid LR(k) Items
	Let A Æ ab Œ P. Then [A Æ a·b, y] is a k-item, if
	A Æ a·b is a position of G and y Œ Sk.
	0-item [A Æ a·b, e] º [A Æ a·b]
	A Æ a·b is core of the item,
	y is the lookahead of the item.
	A k-item [A Æ a·b, y] is LR(k)-valid (or valid) for string g(=da) Œ V* if
	S ﬁrm* dAz ﬁrmdabz (=gbz) and y = k:z$k.
	Let Rk denotes the set of whole valid LR(k) items.
	Fact 6.12 If [A Æ a·b, y] is a LR(k) valid item for string g(=da), then g is a viable prefix and
	y Œ Followk(dab) = Followk(dA) Õ Followk(A).
	Conversely, if a string g is a viable prefix, then some item is LR(k)-valid for g.
	Define ValidLR(k)G: V* Æ 2Rk.
	Let g Œ V*. Then
	Validk(g)LR(k)G =
	{[AÆa.b, x]| S ﬁrm* dAz ﬁrm dabz =gbz, x = k:z$k} Valid LR(k) items for the viable prefix g
	ValidLR(k)G º ValidLR(k) º Validk º Valid
	Validk: V* Æ 2Rk.
	Define rLR(k) Õ V* ¥ V*
	g1 is LR(k)-equivalent to g2,
	written g1 rLR(k) g2 (or g1 rk g2),
	if Validk(g1) = Validk(g2).
	The relation rk is called the LR(k)-equivalence for G.
	rk is an equivalent relation. [g]rk denotes an equivalent class of g under rk [g]rk = {d| g rk d}...
	We extend the domain of Validk from V* to 2V*:
	Validk(L) = {I Œ Rk| I Œ Validk(a), a Œ L Õ V*}
	Validk([g]k) = {I| I Œ Validk(d), d Œ [g]k}
	Since Validk(g1) = Validk(g2), if g1,g2Œ[g]k or g1 rk g2
	We may write Validk(g) to denote Validk([g]k).
	Validk(g) = Validk([g]k)
	= {I Œ Rk| I Œ Validk(d), d Œ [g]k}
	[g]k: denotes an equivalent class of
	g(viable prefices) under rk. may be infinite([g]k Õ V*) Validk(g): denotes a set of
	[AÆa.b, x](LR(k) items) under rk.
	always be finite(Validk(g) Õ Rk)
	[g1]k = [g2]k iff Validk(g1) = Validk(g2),
	bijective correspondence between
	[g]k and Validk(g).
	We may write ·gÒk instead of Validk(g)
	Is it possible that g = d implies [g, x]k = [d, y]k?
	Validk(e) = {[SÆ.aA, $k], [SÆ.bB, $k]}
	Validk(a) = {[SÆa.A, $k],[AÆ.c, $k],[AÆ.dAd, $k]}
	Validk(aA) = {[SÆaA., $k]}
	Validk(adn+1) = {[AÆd.Ad,k:dn$k],[AÆ.c,k:dn+1$k],
	[AÆ.dAd, k:dn+1$k]}
	Validk(adnc) = {[AÆc., k:dn$k]}
	Validk(adn+1A) = {[AÆdA.d, k:dn$k]}
	Validk(adn+1Ad) = {[AÆdAd., k:dn$k]}
	º
	1+ 2×(2 + 4(k+1)) = 8k + 13 (LR(k) states)
	[ad+]0 = [ad]k » º » [adk]k » [adk+1d*]k.
	[ad+]0 = [add*]0
	= [ad]1 » [addd*]1
	= [ad]2 » [add]2 » [adddd*]2
	=[ad]3» [add]3 » [addd]3 » [addddd*]3
	[ad*c]0 = [ac]k » º » [adk-1c]k » [adkcd*]k.
	[ad+A]0 = [adA]k » º » [adkA]k » [adk+1d*A]k.
	[ad+Ad]0 = [adAd]k » º » [adkd]k » [adk+1d*d]k.
	º
	[g, e]r0 denotes the an equivalent class of g,
	under r0.
	[g]r0 º [g]0 º [g] denotes an equivalent class of
	valid prefixes under LR(0) equivalence.
	Validk(·g, xÒ) denotes an equivalent class of
	[AÆa.b, x] under rk.
	Validk(g) can denotes an equivalent class of
	valid LR(k)-items under LR(k) equivalence.
	rk: V* ¥ V*, ik: I ¥ I. equivalent relation
	[g]rk: 2V*, [I]ik: 2I. equivalent class
	Validk: V* Æ 2I, or 2V* Æ 2I.
	Valid-1k: I Æ 2V*, or 2I Æ 2V*.
	Validk({[g]rk}) = Valid-1k({[I]ik})
	iff I Œ Validk(g) and/or g Œ Valid-1k(I)
	Theorem 6.13 The LR(k)-equivalence rk for G is an equivalence relation on V*, rk is a finite inde...
	One of the equivalent class under rk is
	{g| g is not a viable prefix of G}.
	Proof.
	As [g1]rk = [g2]rk iff ·g1Òrk = ·g2Òrk
	bijective correspondence: [g]rk and ·gÒrk.
	\ index of rk = number of distinct sets ·gÒrk
	At most distinct |G| item cores in G and
	|S|k + |S|k-1 + º + |S|1 + 1 £ (|S| + 1)k.
	A string g is a viable prefix iff [g]rk ¹ Æ
	\ set of non viable prefixes forms a single equivalent class under rk.
	Lemma 6.14 Let k £ l. Then
	·gÒk = {[AÆa.b, k:y]| [AÆa.b, y] Œ ·gÒl}.
	Lemma 6.15 Let k £ l. Then LR(l)-equivalence is a refinement of LR(k)-equivalence. More specifically
	[g]k = » [d]l.
	[g]k are bijective correspondence with ·gÒk .
	·gÒk: finite representation of the class [g]k.
	collection of all sets [g]k.
	finite representation of the entire LR(k) equivalence
	canonical collection of set of LR(k)-valid items for G
	canonical LR(k) collection for G: Ck.
	canonical LR(k) machine M
	(or deterministic LR(k) machine)
	M = (Ck, V, {[g]k×X Æ [g×X]k}, [e]k, Æ)
	e-free, normal-form, completely specified, and
	deterministic fa
	(1) right-invariance of the LR(k)-equivalence.
	Since dfa, if [g1]k = [g2]k, [g1×X]k = [g2×X]k.
	(2) [g]k has a unique entry symbol.
	Since [g]k×X Æ [g×X]k Œ P,
	if [g1] = [g2], g1:1 = g2:1
	[A Æ a×Bb, y] ¶LR(k) [B Æ ×w, z], z Œ Firstk(by)
	¶LR(k) º ¶k º ¶.
	I2 is an immediate LR(k)-descendant of I1, if I1 ¶ I2.
	I2 is an LR(k)-descendant of I1, if I1 ¶* I2.
	I1 is an (immediate) LR(k)-ancestor of I2,
	if I2 is an (immediate) LR(k)-descendant of I1.
	[B Æ ×w, z] is immediate LR(k)-descendant of
	[A Æ a×Bb, y], if z Œ Firstk(by)
	·gÒkn = {[AÆa×b, y]|
	S ﬁrmndAz ﬁrmdabz (=gbz), y = k:z}
	Fact 6.16 ·gÒk = »n=0• ·gÒkn = ·gÒk*
	Lemma 6.17 If
	[A Æ a×Bb, y] Œ ·gÒkn and b ﬁm v Œ S*. Then
	[B Æ ×w, k:vy] Œ ·gÒkn+m+1(g).
	Lemma 6.18 ·gÒk is closed under ¶k, i.e.,
	¶k*(·gÒk) = ·gÒk.
	Lemma 6.19 If
	[B Æ ×w, z] Œ ·gÒkn and n > 0. Then
	[AÆa×Bb, y] Œ ·gÒkm, b ﬁn-m-1 v, k:vy = z.
	Fact 6.20 ·gÒk0 = {[S Æ g×w, e]| SÆgw Œ P}
	[A Æ a×b] is LR-essential (or essential), if a ¹ e
	inessential, otherwise.
	EssLR(q) = {I Œ q| I is LR-essential}.
	Lemma 6.21 Let I Œ ·gÒkn, k, n ³ 0.
	(1) n = 0, g = e, I = [S Æ ×w, e].
	(2) g ¹ e and I is essential.
	(3) n >0, I is inessential
	and $J, J ¶k I, J Œ ·gÒkm, m < n.
	Lemma 6.22
	·eÒkn Õ ¶k*({S Æ ×w, e]| S Æ w Œ P})
	·gÒkn Õ ¶k*(Ess(·gÒk)), if g ¹ e.
	Lemma 6.23 (F.6.16, L6.18, and L6.22)
	·eÒk = ¶k*({[S Æ ×w, e]| S Æ w Œ P})
	·gÒk = ¶k*(Ess(·gÒk)), if g ¹ e.
	ckX: relation on set of LR(k) items.
	[A Æ a×Xb, y] ckX [A Æ aX×b, y],
	pass-X, or cX for short
	BasisLR(q, X) = {[A Æ aX×b, y]| [A Æ a×Xb, y]Œq}
	º ckX(q).
	dkX: relation on set of LR(k) items.
	GotoLR(q, X) = ¶k*(BasisLR(q, X)) = ¶k*(ckX(q))
	= ckX×¶k* º dkX(q).
	X-successor, dkX for short
	Fact 6.24
	If [A Æ a×wb, y] Œ ·gÒkn, [A Æ aw.b, y] Œ ·gwÒkn.
	If [A Æ aw×b, y] Œ ·gÒkn. [A Æ a×wb, y]Œ·dÒkn, g=dw.
	Lemma 6.25 Ess(·gXÒk) = Basis(·gÒk, X)
	Ess(·gXÒk) = ckX(·gÒk).
	Lemma 6.26 ·gXÒk = Goto(·gÒk, X))
	·gXÒk = ¶k*(ckX(·gÒk)) = dkX(·gÒk).
	dke(q) = ¶k*(q)
	dkg×X(q) = ¶k*(ckX(dkg(q))), g ¹ e.
	\ dkg(qs) = dkX1(dkX2( º (dkXn(dke(qs))) º ))
	= ¶k*(ckX1(¶k*(ckX2( º (¶k*(ckXn(¶k*(qs))) º )))).
	[e]k = dke(qs) = ¶k*({S’ Æ .S, $k]})
	[X]k = ¶k*(ckX([e]k))
	[gX]k = ¶k*(ckX([g]k))
	Algorithm Compute M = (Ck, V, P, qs, Æ)
	qs := ¶k*([S’ Æ .S, $k]);
	Ck := {qs};
	P := Æ;
	repeat
	for q Œ Ck and X Œ V do
	p := ¶k*(ckX(q));
	Ck := Ck » {p};
	P := P » {q×X Æ p}
	od
	until nothing is added to Ck.
	Lemma 6.27 Let M = (QM, V, PM, qs, F) be a canonical LR(k) machine for G = (V, S, P, S). Then
	(a) M is deterministic.
	(b) q Œ QM, Goto(p, X) = q, unique X.
	(c) qsÙg ﬁ* FqÙ, iff q = ·gÒk.
	(d) If F = {·gÒk} for some g, LM = [g]k.
	(e) If F = {·gÒk| ·gÒk ¹ Æ},
	LM = Set of viable prefixes of X.
	(f) If F = {·gÒk} for all g, LM = V*.
	Proof
	Assume ·g1Òk×X Æ ·g1XÒk, and
	·g2Òk×X Æ ·g2XÒk.
	where ·g1Òk = ·g2Òk.
	Then ·g1XÒk = Goto(·g1Òk, X)
	= Goto(·g1Òk, X) = ·g2XÒk.
	\ ·g1XÒk = ·g2XÒk. \ M is deterministic.(a)
	Assume ·g1Òk×X1 Æ ·gÒk, and ·g2Òk×X1 Æ ·gÒk. Then
	·gÒk = ·g1X1Òk = ¶k*(Basis(·g1Òk, X1)),
	= ·g2X2Òk = ¶k*(Basis(·g2Òk, X2)).
	\ Basis(·g1Òk, X1) = Basis(·g2Òk, X2) ¹ Æ.
	\ X1 = X2.(b)
	[e]k×g1g2 ﬁ* [g1]kg2 in M.
	Since M is deterministic, [g]k is the only state.(c)
	Theorem 6.28
	(a) The LR(k) equivalence of G is the equivalence induced by the canonical LR(k) machine of G.
	[g1]rk = [g2]rk,
	iff qsÙg1 ﬁ* qsºqÙ and qsÙg2 ﬁ* qsºqÙ .
	(b) The LR(k) equivalence of G is right invariance.
	If [g1]rk = [g2]rk, [g1×X]rk = [g2×X]rk.
	(c) The LR(k) equivalence of G is ends with same symbols.
	If [g1]rk = [g2]rk, g1:1 = g2:1.
	[g]k = dMg(qs) = dMg([e]k) ?= (¶k*ckg)*(¶k*([e]k)).
	[e]k = ¶k*([S’ Æ .S, $k]).
	[g×X]k = ¶k*(ckX([g]k)).
	º dkX([g]k).
	\ [g]k = dkg([e]k).
	dke(q) = {q}.
	dkg×X(q) = ¶k*(ckX(dkg(q))).
	[e]k = ¶k*([S’ Æ .S, $k]).
	[g×X]k = dkX(dkg(q)).
	6.3 Canonical LR(k) Parser
	Let G = (N, S, P, S). The canonical LR(k) parser for G is a pushdown transducer M = ([G]k, S, G, ...
	[G]k = {[d]k| d Œ V*}
	G = {[d]k[dX1]kº[dX1ºXn]kÙy Æ [d]k[dA]kÙy
	| [A Æ X1ºXn·, y] Œ ·dX1ºXnÒk} (ra)
	» {[d]kÙay Æ [d]k[da]kÙy
	| a Œ S, [A Æ a·ab, z] Œ ·dÒk,
	y Œ Firstmax{k-1, 0}(bz)} (sa)
	t([d]k[dX1]kº[dX1ºXn]kÙy Æ [d]k[dA]kÙy)
	= A Æ X1ºXn,
	t([d]kÙay Æ [d]k[da]kÙy) = e.
	[B Æ a·Ab, x] Œ ·dÒk [BÆaA·b,x] Œ ·dAÒk
	[A Æ ·X1ºXn, y] Œ ·dÒk
	[A Æ X1·X2ºXn, y] Œ ·dX1Òk
	º
	[A Æ X1ºXn·, y] Œ ·dX1ºXnÒk
	Canonical LR(k) Parser
	right parser
	LR(k) parser ¤ right parser
	T6.34 (T5.21: s/r par., T5.65: simple-prec. par)
	LR(k) parser ﬁ right parser
	L6.29, L6.30 (L5.17, 5.18 and L5.60, L5.61)
	homomorphism h:
	action in LR(k) parser
	Æ action in shift-reduce parser
	h([d]k[dX1]kº[dX1ºXn]kÙy Æ [d]k[dA]kÙy)
	= X1 º XnÙ Æ AÙ,
	h([d]kÙa Æ [d]k[da]kÙ) = Ùa Æ aÙ.
	Furthermore, h:
	configuration in LR(k) parser
	Æ configuration in shift-reduce parser
	h([e]k[X1]k º [X1ºXn]kÙw$k) = $X1 º XnÙw$k.
	\ [e]k[X1]k º [X1ºXn]kÙx$k
	ﬁq [e]k[Y1]k º [Y1ºYm]kÙy$k implies
	$X1 º XnÙx$k ﬁh(q) $Y1 º YmÙy$k.
	LR(k) parser ‹ right parser
	L6.31, L6.32, L6.33
	(L5.19, 5.20 and L5.63, L5.64)
	Lemma 6.29 Let M be a LR(k) parser for G. If
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁq [e]k[X1]k º [X1ºXm]kÙy$, q Œ G* in M, then
	X1ºXm ﬁrmt(q)R Y1ºYnx in G,
	and |q| = |t(q)| + |x|.
	Proof Induction on the length of action string q.
	i) q = e. x = e, Y1ºYn = X1ºXm, and t(e) = e.
	ii) q = rq’.
	ii.1) r is reduce by A Æ YpºYn, 1 £ p £ n.
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁr [e]k[Y1]k º [Y1ºYp-1]k[Y1ºYp-1A]kÙxy$k
	ﬁq’ [e]k[X1]k º [X1ºXm]kÙy$k.
	X1ºXm ﬁrmt(q’)R Y1 º Yp-1Ax ﬁrmAÆw Y1 º Ynx, and
	|q’| = |t(q’)| + |x|.
	\ X1ºXm ﬁrm(t(q’)·AÆw)R Y1 º Ynx, and
	|q| = 1+|q’| = 1+|t(q’)| + |x| = |t(q)| + |x|.
	ii.2) r = [d]kÙa Æ [d]k[da]kÙŒ G,
	[e]k[Y1]k º [Y1ºYn]kÙxy$
	= [e]k[Y1]k º [Y1ºYn]kÙax’y$
	ﬁr [e]k[Y1]k º [Y1ºYn]k[Y1ºYna]kÙx’y$
	ﬁq’ [e]k[X1]k º [X1ºXm]kÙy$
	and |q’| = |t(q’)| + |x’|.
	X1 º Xmax’y ﬁrmt(q’)R Y1 º Ynax’y
	\ d ﬁrmt(q’)·e gx in G, and
	|q| = 1+|q’| = |t(q’)| + 1+|x’| = |t(q)| + |x|
	Lemma 6.30 Let M be a canonical LR(k) parser for G. Then
	(1) L(M) Õ L(G),
	(2) "q: actions in M, t(q) is a right parse of w,
	(3) TimeG(w) £ TimeM(w) - |w|.
	Lemma 6.31 Let M be a LR(k) parser.
	If [A Æ a×b, z] Œ ·ga1ºanÒk and k:y$k Œ Firstk(bz),
	then [e]kº[g]kÙa1ºany$k
	ﬁq [e]kº[g]k[ga1]kº[ga1ºan]kÙy$k
	where q is a sequence of shift actions.
	valid k-item ﬁ valid stack string
	Proof
	S’ ﬁ* dAz’ ﬁ dabz’ = ga1ºanbz’, and
	k:z’ = z. "i, 1 £ i £ n,
	(i) if a = a’aiºan,
	[A Æ a’aiºan×b, z] Œ [ga1ºai-1]k
	(ii) if d = ga1ºaj-1Az’. By lemma 6.2,
	S’ ﬁ+ d’A’y’ ﬁ d’a”aib’y’ = ga1ºaib’y’, and
	b’y’ ﬁ* ai+1ºaj-1Az’.
	\ [A’ Æ a”×aib, k:y’] Œ ·ga1ºai-1Òk ,
	and b’y’ ﬁ* ai+1ºaj-1Az’
	ﬁ* ai+1ºanbz’.
	Lemma 6.32 Let M be a LR(k) parser.
	If X1ºXm ﬁrmpR Y1ºYnx in G,
	[A Æ a·b, z] Œ ·X1ºXmÒk,
	k:y$k Œ Firstk(bz), and
	either Y1ºYn = e or Yn Œ N.
	Then t(q) = p, |q| = |p| + |x|, and
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁq [e]k[X1]k º [X1ºXm]kÙy$k, q Œ G* in M.
	Proof Induction on |p|.
	i) p = e. X1ºXm = Y1ºYnx.
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁq [e]k[Y1]k º [Y1ºYn]k [Y1ºYn1:x]k º
	[Y1ºYnx]kÙy$,
	q is a |x|-length shift action string(L6.31)
	|q| = |x|, t(q) = p = e.
	ii) p = BÆw×p1.
	X1ºXm ﬁrmp1R Z1ºZpBx1
	ﬁrmr Z1ºZpwx1 = Y1ºYnx in G.
	where x = vx1.
	$q1 .'. t(q1) = e1, |q1|=|p1|+|x1|, and
	[e][Z1]º[Z1ºZp][Z1ºZpB]Ùx1y$
	ﬁq1 [e][X1]º[X1ºXm]Ùy$ .
	And because [A Æa·b, z] Œ ·X1ºXmÒk
	$d, z’ .'.
	S¢ ﬁrm *dAz’ ﬁrm dabz’ = X1ºXmbz’
	ﬁrm X1ºXmuz’ in G’,
	and k:z’ = z, k:uz = k:y$.
	\ S¢ ﬁrm * Z1ºZpB1uz’ ﬁrm Z1ºZpwx1uz’ in G’.
	Here k:x1uz’ = k:x1uz = k:x1y$, so
	[BÆw×, k:x1y$] Œ ·Z1ºZpwÒk.
	Then [e][Y1]º[Y1ºYn]Ùxy$
	= [e][Y1]º[Y1ºYn]Ùvx1y$
	ﬁrmq2 [e][Y1]º[Y1ºYnv]Ùx1y$
	= [e][Z1]º[Z1ºZp]º[Z1ºZpw]Ùx1y$ in M,
	for some |v|-length shift action string q2.
	Then $an action r’ .'.
	r’ = [Z1ºZp]º[Z1ºZpw]Ùy’ Æ
	[Z1ºZp]º[Z1ºZpB]Ùy’,
	where y’ = k:x1y$.
	\ [e][Y1]º[Y1ºYn]Ùxy$
	ﬁrmq1 [e][X1]º[X1ºXm]Ùy$ in M,
	where q = q2r’q1.
	And t(q) = t(q2)t(r’)t(q1) = rp1 = p,
	|q|=|p|+|x|.
	Lemma 6.33 Let M be a canonical LR(k) parser for G. Then
	(1) L(G) Õ L(M),
	(2) "p: right parse of w in G, t(q) = p in M,
	(3) TimeG(w) £ TimeM(w) + |w|.
	Proof
	Y1ºYm = e, X1ºXm = S,
	[A Æ a·b, z] = [S’ Æ ·S, $1], y = e.
	Theorem 6.34 Let M be a canonical LR(k) parser for G. Then
	(1) M is a right parser for G.
	(2) "wŒL(G), M produces all right parses of w.
	(3) TimeM(w) = TimeG(w) + |w|.
	6.4 LR(k) Grammar
	G is LR(k) grammar if its canonical LR(k) parser
	is deterministic and S ﬁ\+S in G.
	Theorem 6.35 Any LR(k) grammar is unambiguous.
	“reduce-reduce conflicts”
	[A1 Æ w1×, y1], [A2 Æ w2×, y2],
	if y1 = y2, A1 Æ w1 ¹ A2 Æ w2.
	“shift-reduce conflicts”
	[A Æ a×ab, z], [B Æ w×, y]
	if y Œ Firstk(abz).
	Lemma 6.36 Let M be the CLR(k) parser for G.
	Then M is nondeterministic iff
	$a state which contains a pair of items exhibiting
	a reduce-reduce or shift-reduce conflict.
	Proof
	(‹) I1, I2 Œ ·gÒk, and either
	(i) I1 = [A Æ X1...Xn×, y], I2 = [B Æ Y1...Ym×, y], or
	(ii) I1 = [A Æ X1...Xn×ab, z], I2 = [B Æ Y1...Ym×, y],
	y Œ Firstk(abz).
	Assume m £ n, then for [d][dX1]...[dX1...Xn]|y,
	(i) [d][dX1]...[dX1...Xn]|y Æ [d][dA]|y and
	[dX1...Xi-1][dX1...Xi]...[dX1...Xn]|y
	Æ [dX1...Xi-1][dX1...Xi-1B]|y in M,
	Y1...Ym = Xi...Xn(i=n-m+1; L6.24)
	(ii) [dX1...Xn]|ay’ Æ [dX1...Xn][dX1...Xna]|y’
	[dX1...Xi-1][dX1...Xi]...[dX1...Xn]|y
	Æ [dX1...Xi-1][dX1...Xi-1B]|y, k:ay’ = y in M.
	\ parser is nondeterministic.
	(ﬁ) let r1, r2 are conflicting actions in [g] of M, then
	(i) (r1) [g]|ay Æ [g][ga]|y,
	(r2) [g]|ayv Æ [g][ga]|yv,
	where [A1 Æ a1×ab1, z1], [A2 Æ a2×ab2, z2] Œ ·gÒk,
	yŒ Firstmax{k-1, 0}(b1z1), yvŒ Firstmax{k-1, 0}(b2z2).
	Here b1, b2 ﬁ\* x$, and if y ¹ yv, then y:1 = $,
	\ v = e. \ no shift-shift conflict.
	(ii) (r1) [d]...[dX1...Xn]|y Æ [d][dA]|y,
	(r2) [g]...[gY1...Ym]|y Æ [g][gB]|y,
	then [dX1...Xn] = [gY1...Ym], and
	[A Æ X1...Xn×, y] Œ ·dX1...XnÒk, and
	[B Æ Y1...Ym×, y] Œ ·gY1...YmÒk,
	\ reduce-reduce conflict.
	Lemma 6.37 ·gÒk contains a pair of items exibiting a reduce-reduce conflict iff
	(a) S’ ﬁ* d1A1y1 ﬁ d1w1y1 = gy1,
	(b) S’ ﬁ* d2A2y2 ﬁ d2w2y2 = gy2,
	(c) k:y1 = k:y2, and
	(d) A1Æw1 ¹ A2Æw2
	hold in G’.
	Proof [AÆw1., k:y1], [AÆw2., k:y2] Œ ·gÒk.
	Lemma 6.38 ·gÒk contains a pair of items exibiting a shift-reduce conflict iff
	(a) S’ ﬁ* d1A1y1 ﬁ d1w1y1 = gy1,
	(b) S’ ﬁ* d2A2y2 ﬁ d2w2y2 = gvy2,
	(c) k:y1 = k:vy2, v ¹ e
	hold in G’.
	Proof
	(‹) [A Æa·ab, z] and [B Æ w·, y] are in ·gÒk.
	(ﬁ) w2 = av, [A2 Æa·v, k:y2], or
	v = azw2, S’ ﬁ* d2A2y2 = gazA2y2.
	By lemma 6.2, $A¢ Æ a²·ab¢Œ P,
	[A¢ Æ a²·ab¢, k:y¢] Œ ·gÒk.
	ab¢y¢ ﬁ* azA2y2 ﬁ azw2y2 = vy2.
	By (c) , there exists a shift reduce conflict.
	Lemma 6.39 The following statements are logically equivalent for all G and k ³ 0.
	(a) The canonical LR(k) parser of G is deterministic.
	(b) In the canonical LR(k) machine of the $-augmented grammar G’ no states contains a pair of ite...
	(c) The conditions
	S’ ﬁ* d1A1y1 ﬁ d1w1y1 = gy1,
	S’ ﬁ* d2A2y2 ﬁ d2w2y2 = gvy2,
	and k:y1 = k:vy2, v ¹ e
	always implies that
	d1 = d2, A1 = A2, and w1 = w2.
	Theorem 6.40 For all k ³ 0, the class of LR(k) grammars is properly contained in the class of LR(...
	Proposition 6.41 Any pushdown automaton M with input alphabet S can be transformed into an equiva...
	LR(k) languages = LR(1) languages
	deterministic languages = LR(1) languages
	Lemma6.42 Let G be LR(k) grammar and M be a LR(k) parser for G.
	Further let x, y Œ S* and
	y Œ [G’]* .'. [e] | xy$ ﬁ* y | y$.
	If "y’ .'. the condition xy’ Œ L(G), k:y ¹ k:y’,
	then y|y$ is an error configuration.
	Proof by contradiction
	y = [e][X1]...[X1...Xn], X1...Xn ﬁ*x.
	If y|y$ were not an error configuration, then
	[A Æ a×b, z] Œ ·X1...XnÒk,
	k:y$ Œ Firstk(bz).
	S’ ﬁ* dAz’$ ﬁ dabz’$ = X1...Xnbz’$,
	k:z’$ = z, b ﬁ* v, then k:y$ = k:vz = k:vz’ = k:y’,
	and xvz’ Œ L(G), a contradiction.
	Lemma6.43 Let G be a LR(k) grammar and M be a LR(k) parser for G, k ³ 1.
	Then M detects an error in any input string in S*\L(G).
	Proof
	(i) k:w ¹ k:w’, for all w’ Œ L(G), by lemma 6.42.
	(ii) k:w = k:w’ for some w’ Œ L(G).
	Then $ x, y, y’ .'.
	(a) w = xy,
	(b) k:y = k:y’ and xy’ Œ L(G).
	(c) "y² Œ S*, xy² Œ L(G) implies k+1:y ¹ k+1:y².
	Let y = ay1, y’ = ay1’, and there exist y, y’ .'.
	[e]|xay1’$ ﬁ y|ay1’$ ﬁ y’|y1’$ in M.
	Then
	[A Æ a·ab, z] Œ ·X1...XnÒk
	if y=[e]...[X1...Xn], where k:ay1’ Œ First(abz).
	By lemma 6.32,
	[e]|xay1$ ﬁ* [e][X1]...[X1...Xn]|ay1$
	= y|ay1$ ﬁ* y’|y1$.
	By (c), xay"1Œ L(G) always implies k:y1 ¹ k:y"1.
	\ By lemma 6.42, y|y1$ is an error configuration.
	The parser loops forever when
	(1) S Æ S|a : LR(0) parser is deterministic,
	(2) S Æ ak+1|ASbk, A Æ e : not LR(k).
	Theorem6.44 Let k ³ 0. Then M deos not loop forever on any input string.
	Proof Assume that M loops forever for w = xy Œ S*.
	Then $ yi , ri .'.
	[e]|w$ ﬁ* y1|y$,
	yi|y$ ﬁri yi+1|y$ in M " i ³ 1.
	Let yi = [e]...[gi], g1 ﬁ* x, gi+1 ﬁrm gi.
	Let ri be reduce action by Ai Æ wi and
	[Ai Æ wi., k:zi$] Œ ·g1Ò "i.
	[e]|xzi$ ﬁ* y1|zi$ ﬁ y2|zi$,
	and more generally,
	yi|zi$ ﬁrn yn+1|zi$.
	M loops forever on all xzi, i ³ 1.
	But zi = e because xzi Œ L(M) " i and
	M is deterministic. Then
	S ﬁ* dn+1An+1 ﬁ dn+1wn+1 = gn+1 ﬁn g1 ﬁ* x.
	G is ambiguous, a contradiction.
	6.5 LALR(k) parsing
	Theorem 6.45 The size of the canonical LR(k) parser for grammar G is O(2|S|k|G| + klog|S|+log|G|).
	Proof
	2(|S|+1)k|G’| : # of distinct LR(k)-equivalent classes.
	2(|S|+1)k|G’| ·|G| ·(|S|+1)k
	: sum of the lengths of all reduce actions
	Whether does the grammar exist with this upper bound?
	k=0
	Proposition 6.46 For each n ³ 0, let Gn =({A0, A1, º, An}, {0, 1, a, a0, a1, º, an}, P, A0) where...
	Ai Æ 1Ai+1ai , 0 £ i £ n-1
	An Æ 1A0an,
	Ai Æ 0Aiai , 1 £ i £ n
	Ai Æ 0A0ai , 1 £ i £ n
	A0 Æ a.
	Then the size of the canonical LR(0) collection for Gn is at least 2c|Gn| for all n ³ 0, c > 0.
	Let G = (N, S, P, S) be a cfg. Then a rule automaton,
	M = (Q, N»S, R, ·S’, eÒ, Q)
	Q = {·A, aÒ| A Æ ab Œ P} » {·S’, eÒ, ·S’, SÒ}
	R = {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, eÒ| S Æ Bb Œ P}
	» {·A, aÒX Æ ·A, aXÒ| A Æ aXb Œ P}
	» {·A, aÒ Æ ·B, eÒ| A Æ aBb Œ P}
	M is a dfa but e-moves.
	M’ = (K, N»S, R, ·S’, eÒ, K)
	K = {·A, aÒ| A Æ ab Œ P, a ¹ e} » {·S’, eÒ, ·S’, SÒ}
	R’= {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, XÒ| S Æ Bb Œ P, B Æ Xg Œ P}
	» {·A, aÒX Æ ·A, aXÒ| A Æ aXb Œ P, a ¹ e}
	» {·A, aÒX Æ ·B, XÒ| A Æ aBb Œ P, a ¹ e,
	B Æ Xg Œ P}
	|K| = |Q| - |N|
	R’= {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, XÒ| S Æ Bb Œ P, B Æ Xg Œ P}
	» {·A, aÒa Æ ·A, aaÒ| A Æ aab Œ P, a ¹ e}
	» {·A, aÒB Æ ·A, aBÒ, ·A, aÒX Æ ·B, XÒ
	| A Æ aBb Œ P, a ¹ e, B Æ Xg Œ P}
	Let G = (N, S, P, S) be a cfg. Then LR(k) automaton,
	Mk = (Q, N»S, R, ·S’, e, $kÒ, Q)
	Q={·A, a, xÒ| A Æ ab Œ P, x Œ Followk(A)}
	» {·S’, e, $kÒ, ·S’, S, $kÒ}
	R = {·S’, e, $kÒS Æ ·S’, S, $kÒ}
	» {·S’, e, $kÒ Æ ·B, e, yÒ|
	S Æ Bb Œ P, y Œ Firstk(b$k)}
	» {·A, a, xÒX Æ ·A, aX, xÒ| A Æ aXb Œ P}
	» {·A, a, xÒ Æ ·B, e, yÒ|
	A Æ aBb Œ P, y Œ Firstk(bx)}
	M is a dfa but e-moves.
	M’ = (K, N»S, R, ·S’, e, $kÒ, K)
	K = {·A, a, xÒ| A Æ ab Œ P, a ¹ e, x Œ Followk(A)}
	» {·S’, e, $kÒ, ·S’, S, $kÒ}
	R’= {·S’, e, $kÒS Æ ·S’, S, $kÒ}
	» {·S’, e, $kÒ Æ ·B, X, yÒ|
	S Æ Bb Œ P, B Æ Xg Œ P, y Œ Firstk(b$k)}
	» {·A, a, xÒX Æ ·A, aX, xÒ| A Æ aXb Œ P, a ¹ e}
	» {·A, a, xÒX Æ ·B, X, yÒ| A Æ aBb Œ P, a ¹ e,
	B Æ Xg Œ P, y Œ Firstk(bx)}
	|K| = |Q| - |N|
	R’= {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, XÒ| S Æ Bb Œ P, B Æ Xg Œ P}
	» {·A, aÒa Æ ·A, aaÒ| A Æ aab Œ P, a ¹ e}
	» {·A, aÒB Æ ·A, aBÒ, ·A, aÒX Æ ·B, XÒ
	| A Æ aBb Œ P, a ¹ e, B Æ Xg Œ P}
	Gabe: S Æ aA|bB, A Æ e|cAd, B Æ e|cBd
	the partition of the LR(0)-equivalent classes into LR(k) equivalent classes are:
	[]0 = []k
	[S]0 = [S]k
	[a]0 = [a]k
	[a]0 = [a]k
	[aA]0 = [aA]k
	[ac+]0 = [ac]k ë»... ë» [ack]k ë» [ackc+]k
	[ac+A]0 = [acA]k ë»... ë» [ackA]k ë» [ackc+A]k
	[ac+Ad]0 =[acAd]kë»...ë» [ackAd]kë» [ackc+Ad]k
	[b]0 = [b]k
	[bB]0 = [bB]k
	[bc+]0 = [bc]k ë»... ë» [bck]k ë» [bdckc+]k
	[bc+B]0 = [bc]kë» ... ë» [bck]k ë» [bdckc+]k
	[bc+Bd]0 = [bcd]k » ... » [bckd]k » [bdckc+d]k
	6k + 12 linear in k
	Theorem 6.47
	Let q be the state of LALR(k) machine for G, and q is accessible upon reading string d.
	Then d is a viable prefix of G, and
	$g Œ V*.'. "I Œ q, I Œ ·gÒk, where g r0 d.
	Conversely,
	If I Œ ·gÒk,
	Then $q s.t. I Œ q and
	q is accessible upon reading any viable prefix d
	.'. d r0 g.
	LR(k) states: ·[g]kÒk = ·gÒk ´ [g]k
	= {[A Æ a.b, x] Œ ·dÒk| d Œ [g]k}
	LR(0) states: ·[g]0Ò0 = ·gÒk ´ [g]0
	= {[A Æ a.b] Œ ·dÒ0| d Œ [g]0}
	LALR(k) states: ·[g]0Òk = ·gÒk, 0 ´ [g]0
	= {[A Æ a.b, x] Œ ·dÒk| d Œ [g]0}
	Since [g]k Õ [g]0,
	·gÒk Õ ·gÒk, 0,
	core(·gÒk) = core(·gÒk, 0) = core(·gÒ0)
	Let G = (N, S, P, S). The LALR(k) parser for G is a pushdown transducer M = ([G]0, S, G, P, t, [e...
	G = {[d]0[dX1]0º[dX1ºXn]0Ùy Æ [d]0[dA]0Ùy
	| [A Æ X1ºXn·, y] Œ ·[dX1ºXn]0Òk,)
	(ra)
	» {[d]0Ùay Æ [d]0[da]0Ùy
	| a Œ S, [A Æ a·ab, z] Œ ·[g]0Òk,
	y Œ Firstmax{k-1, 0}(bz)} (sa)
	Theorem 6.48 The size of LALR(k) parser for G is
	O(2|G| + klog|S| + log|G|).
	Correctness of LALR(k) parser as a right parser.
	L6.49: right parser ﬁ LALR(k) parser
	LR(0) parser(L6.29)
	L6.50: LALR(k) parser ﬁ right parser
	LR(k) parser(L6.32)
	Theorem 6.51 For the LALR(k) parser M for G,
	(1) M is a right parser for G
	(2) "w Œ L(G), M produces all right parses of w
	in G
	(3) TIMEG(w) = TIMEM(w) + |w|.
	making LALR(k) parser
	from LR(k) parser ﬁ uniting all states with the
	same set of item cores
	from LR(0) parser ﬁ add suitable k-length
	lookahead strings to 0-items
	LALR(k) lookahead set is sufficient and minimal
	Theorem 6.52
	Let [A Æ a·b, z] Œ q. Then $x, y and X1...Xm .'.
	[e]|xy ﬁ* [e][X1]...[X1...Xm]|y$ in M,
	where the set of cores in ·X1...XmÒ0 is same as in q and k:y$ = Firstk(bz).
	In CLR(k) parser
	every item [AÆ a·b, z] in any state q
	can be "used" in the parsing of
	all terminal strings of the form xy,
	where k:y Œ Firstk(bz) and q = ·$gÒ0.
	sentence LALR(k) is same as LR(k)
	no sentence additional reduce actions
	in LALR(k)
	Immediate Error Detection Property in LR(k)
	reduce stack for error recovery in LALR(k)
	G = (N, S, P, S) is LALR(k) if
	its LALR(k) parser is deterministic and
	S ﬁ+ S is impossible in G.
	A language over alphabet S is LALR(k) if
	it is generated by an LALR(k) grammar.
	Theorem 6.53 (Characterization of LALR(k) Grammars)Let G’ be a augmented grammar.
	The LALR(k) parser of G is deterministic iff
	in the LALR(k) machine of G’
	no state contains a pair of items
	exibiting a reduce-reduce or
	a shift-reduce conflict.
	Theorem 6.54 The class of LALR(0) grammars coinsides with the class of LR(0) grammars. For k ³ 1 ...
	Proof
	(i) LALR(k) Õ LR(k):
	uniting of states in CLR(k) machine
	can only increase # of reduce-reduce conflicts.
	(ii) LALR(k) ¹ LR(k)
	counter example:
	S Æ aAa|bAb|aBb|bBa,
	A Æ c,
	B Æ c.
	This grammar is LR(1)
	but not LALR(k) for any k.
	Gerneralize the LALR concepts:
	LA(k)LR(l) machine
	Æ unite q1 and q2
	whenever the truncating of the k-length
	lookahead strings to length l £ k,
	yields the same set of l-items.
	· unite q1, q2 if Truncl(q1) = Truncl(q2),
	Truncl(q) = {[A Æ a·b, l:y]|[A Æ a·b, y] Œq}
	Fact 6.55
	The LA(k)LR(k) machine is same to LR(k) machine. The LA(k)LR(0) machine
	is same to LALR(k) machine.
	Theorem 6.56 Let q be a state in LA(k)LR(l) machine accessible upon reading string d.
	Then d is a viable prefix of G, and
	$g Œ V* .'. "I Œ q, I Œ ·gÒk, where d rl g.
	Conversely,
	If I Œ ·gÒk.
	then $q s.t. I Œ q and
	q is accessible upon reading any viable prefix d
	.'. g rl d.
	States in LA(k)LR(l) machine
	·[g]lÒk ´ [g]l
	6.6. SLR(k) Parsing
	SLR(k) stands for Simple LR(k).
	adding k-lookaheads in a crude, simple way.
	seldom minimal lookaheads.
	SLR(k) parser for G is the pushdown transducer M = ([G]0, S, G, P, t, [e]0, {[e]0[S]0}, $,Ù) where
	G = {[d]0[dX1]0º[dX1ºXn]0Ùy Æ [d]0[dA]0Ùy
	| [A Æ X1ºXn·] Œ [dX1ºXn]0 and
	y Œ Followk(A)} (ra)
	» {[d]0Ùay Æ [d]0[da]0Ùy
	| a Œ S, [A Æ a·ab] Œ [d]0,
	y Œ Firstmax{k-1, 0}(bFollowk(A))} (sa)
	Theorem 6.57
	The SLR(k) parser M for G is a right parser for G. Moreover, "w Œ L(G),
	M produces all right parses of w in G, and
	TIMEG(w) = TIMEM(w) + |w|.
	Theorem 6.58 (Characterization of SLR(k) Grammars) The SLR(k) parser of G is deterministic iff fo...
	(1) Whenever [A1 Æ w1·], [A2 Æ w2·] Œ q, then
	Followk(A1) « Followk(A2) = Æ.
	(2) Whenever [A Æ a·ab], [B Æ w·] Œ q, then
	Firstk(abFollowk(A)) « Followk(B) = Æ.
	Theorem 6.59
	The class of SLR(0) grammars
	coinsides with the class of LR(0) grammars.
	For k ³ 1,
	the class of SLR(k) grammars is properly
	contained in the class of LALR(k) grammars.
	(eg) S Æ Ac|bA|bc,
	A Æ e
	Time to test SLR(k) property for G: polynomial to |G|
	Transformation of G into Tk(G),
	which is SLR(k) if and only if G is LR(k).
	Idea : replace A by ([g]k, A)…
	G = (N, S,S, P)
	Tk(G) = ([G]k¥ N, S, ([e]k, S), Pˆ), where
	Pˆ = {([g]k, A) Æ U1…Um
	| [BÆb1×Ab2, y]k Œ ·gÒk, A Æ X1…Xm Œ P,
	1£"i£m Ui = ([gX1ºXi-1]k, Xi) if Xi Œ N,
	= Xi if Xi Œ S » {$}.
	([g]k, A) is a useful nonterminal inTk(G), iff
	[g]k Œ [G]k, A Œ N, and [B Æ a.Ab] Œ [g]k.
	S ﬁrm* gAy
	([e]k, S) ﬁrm* F([g]k, A)y
	Followk(([g]k, A)) = {k:y| S ﬁrm* gAy}
	Tk(G) right-to-right covers G
	º right parses in Tk(G) are mapped into
	right parses in G by a homomorphism h.
	Furthermore,
	Tk(G) is structurally equivalent to G.
	º parse trees in Tk(G) and G have same structure
	parse trees are same except for
	the labeling of the nonterminal nodes.
	parse trees are isomorphic
	Cover relations between Grammars
	Let x, y Œ {"left", "right"}. Then
	an x-to-y cover of G is a pair (Gˆ, h) where
	Gˆ = (Nˆ, S, Pˆ, Sˆ) and h: Pˆ* Æ P* .'.
	i) "w Œ L(Gˆ) and x-parses pˆ of w in Gˆ,
	h(pˆ) is a y-parse of w in G.
	ii) "w Œ L(G) and y-parses p of w in G,
	$pˆ Œ Pˆ*, pˆ is a x-parse of w in Gˆ and h(pˆ)= p.
	h maps x-parses of Gˆ into y-parses of G
	If $h, (Gˆ, h) is x-to-y covers of G,
	Gˆ x-to-y covers G with respect to h
	If Gˆ x-to-y covers G with respect to h,
	(Gˆ, h) is x-to-y covers of G,
	Fact 6.60 If Gˆ x-to-y covers G, then L(Gˆ) = L(G).
	Fact 6.61 If (M, t) is an x parser of Gˆ and if Gˆ x-to- y covers G w.r.t. h, then (M, t°h) is a ...
	(Tk(G), hk) right-to-right covers G, if
	hk(U Æ U1ºUm) = A Æ X1ºXm, where
	U = ([g], A), Ui = ([gX1ºXi-1], Xi) if Xi Œ N,
	= Xi if Xi Œ S.
	(M, t) is a x-parser of G, if t(q) = px.
	(Gˆ, h) is a x-to-y cover of G, if h(pˆx) = py.
	(M, t°h) is a x-parser of G.
	Consider a function M: S* Æ {G*}
	M(w) = q.
	M is deterministic if M: S* Æ G*.
	Consider a function Gx: S* Æ {P*}
	Gx(w) = p.
	G is unambiguous, if Gx: S* Æ P*.
	M°t is a x-parser of G, if M°t: S* Æ {P*}
	M°t = Gx.
	If G is ambiguous,
	Example
	G: S Æ Ac | bA | bc
	A Æ e
	Follow(A) = {$, c}
	G is not SLR(1) in state [b]
	Tk(G): ([e], S) Æ ([e], A) c | b ([b], A) | b c
	([e], A) Æ e
	([b], A) Æ e
	Se Æ Ae c | b Ab | b c
	Ae Æ e
	Ab Æ e
	Follow(Ae) = {c}
	Follow(Ab) = {$}
	Tk(G) is SLR(1)
	Tk(G) right-to-right covers G w.r.t. hk(T6.64)
	"w Œ L(Gˆ) where pˆ is a right parse of w in Tk(G),
	hk(pˆ) is a right parse of w in G.(L6.62)
	"w Œ L(G), where p is a right parse of w in G
	$pˆ .'. hk(pˆ)=p, pˆ is a right parse of w in Tk(G).
	(L6.63)
	Lemma 6.62 If [gA] Œ [G]k, ([g], A) ﬁpˆ F in Tk(G).
	Then let F= U1ºUmy,
	gX1ºXm Œ [G]k, and
	A ﬁhk(pˆ)X1ºXmy in G , where
	Ui = ([gX1ºXi-1], Xi) if Xi Œ N,
	= Xi if Xi Œ S»{$}.
	Proof by induction on |pˆ|.
	IB: pˆ = e
	IH: pˆ = pˆ1rˆ, rˆ = W Æ W1ºWp Œ Pˆ.
	([g], A) ﬁp 1U1ºUnWy
	ﬁr U1ºUnW1ºWpy = F.
	By definition of Tk(G),
	W = ([d], B),d = ghk(U1ºUn), and
	Wi = ([dZ1ºZi-1], Zi), if Zi Œ N,
	= Zi, if Zi Œ S»{$}.
	By IH, $gX1ºXnB Œ [G]k, and,
	A ﬁhk(pˆ 1) X1ºXnBy in G,
	[gX1ºXn] = [d], and by right invariance,
	[dZ1ºZi-1] = [gX1ºXnZ1ºZi-1].
	If choose m = n+p, 1 £ i £ p,
	Un+i = Wi, Xn+i = Zi, then the lemma is proved.
	Lemma 6.63 gA Œ [G]k, A ﬁp X1ºXmy in G, and
	either X1ºXm = e or Xm Œ N.
	Then $pˆ Œ Pˆ* .'. hk(pˆ) = p and
	([g], A) ﬁpˆ U1ºUmy in Tk(G).
	Proof by induction on |p|.
	Base: p = e. Then pˆ = e and U1 = ([g], A).
	Induction Step: p = p1r, r = B Æ Z1ºZp.
	A ﬁrmp1 Y1ºYnBy1 ﬁrm r Y1ºYnZ1ºZpy1
	= X1ºXmy in G.(m=n+p)
	$p1 of Tk(G) .'.
	hk(p1) = p1 and
	([g], A) ﬁrmp1 U1ºUn([gY1ºYn], B)y1
	where Ui = ([gY1ºYi-1], Yi) if Yi Œ N,
	= Yi if Yi Œ S.
	Then $r= ([gY1ºYn], B)ÆUn+1ºUn+p in Tk(G)
	where Ui = ([gY1ºYnZ1ºZi-1], Zi) if Zi Œ N,
	= Zi if Zi Œ S.
	\hk(p1r) = hk(p1)hk(r) = p1r = p, and
	([g], A) ﬁrmp1rU1ºUn+py1 = U1ºUmzy1
	= U1ºUmy.
	Theorem 6.64 Tk(G) right-to-right covers G w.r.t. hk.
	Corollary 6.65 If (M, t) is a right parser of Tk(G), then (M, thk) is a right parser of G.
	Lemma 6.66 y Œ Followk(([g]k, A)) in Tk(G) iff
	S ﬁ* dAz in G, [d]k = [g]k, l:z = y.
	In other words,
	y is a follower of ([g]k, A) in Tk(G)
	iff y is a follower of A in G
	in some context LR(k)-equivalent to g.
	Lemma 6.67
	[U Æ UmºUi·Ui+1ºUp, y] Œ ·U1ºUiÒl
	in Tk(G) iff
	[A Æ XmºXi·Xi+1ºXp, y] Œ ·X1ºXiÒl,
	U = ([X1ºXm-1], A), and 1£ j£ p,
	Uj = ([X1ºXj-1], Xj) if Xj Œ N,
	= Xj if Xj Œ S » {$}.
	Lemma 6.68 If G is non-LR(k), then so is Tk(G).
	Proof
	(i) S ﬁrm+S, then ([e]k, S) ﬁrm+([e]k, S),
	\Tk(G) is non-LR(k).
	(ii) ·X1ºXiÒk contains a conflict. Then
	[A Æ XmºXi·, y] Œ ·X1ºXiÒk,
	[B Æ XnºXi·Xi+1ºXp, u] Œ ·X1ºXiÒk,
	y Œ Firstk(Xi+1ºXpu).
	Then by lemma 6.67,
	[U Æ UmºUi·, y] Œ ·U1ºUiÒk, and
	[W Æ UnºUi·Ui+1ºUp, u] Œ ·U1ºUiÒk,
	where U = ([X1ºXm-1]k, A),
	W = ([X1ºXn-1]k, B),
	Uj = ([X1ºXj-1]k, Xj) if Xj Œ N,
	= Xj if Xj Œ S » {$}.
	U ¹ W or m ¹ n or i+1 £ p,
	y Œ Firstk(Ui+1ºUpu).
	\Tk(G) is non-LR(k).
	Lemma 6.69 If Tk(G) is non-SLR(k), then G is non- LR(k).
	Proof If Tk(G) is non-LR(k), we have
	[U Æ UmºUi·] Œ ·U1ºUiÒ0,
	[W Æ UnºUi·Ui+1ºUp] Œ ·U1ºUiÒ0,
	y Œ Followk(U) « Firstk(Ui+1ºUpFollowk(W)),
	Ui+1 Œ S whenever i+1 £ p. Then there exist
	U = ([X1ºXm-1]k, A),
	W = ([X1ºXn-1]k, B), and
	Uj = ([X1ºXj-1]k, Xj) if Xj Œ N,
	= Xj if Xj Œ S » {$}, 1£ "j£ p.
	By lemma 6.66,
	S ﬁ* gAz, [g]k = [X1ºXm-1]k, k:z = y,
	S ﬁ* dBu, [d]k = [X1ºXn-1]k, k:xu = y, and
	x Œ Firstk(Ui+1ºUp).
	(i) If Ui+1 Œ S, Xi+1 Œ S, too. Then
	[AÆX1ºXi·, k:z$], [BÆX1ºXi·Xi+1ºXp, k:u$]
	exhibit a conflict.
	(ii) i £ p, by the right invariance, i = p, then
	reduce-reduce conflict.
	Theorem 6.70 Any grammar G can be transformed into a structurally equivalent grammar which is SLR...
	Theorem 6.71 For any k ³ 0,
	the families of LR(k) languages,
	LALR(k) languages, and
	SLR(k) languages
	are all equal.
	6.7. Covering LR(k) Grammars by LR(1) Grammars
	- LR(k) language º LR(1) language
	LR(k) grammar ﬁ LR(1) grammar
	right-to-right cover
	- deterministic language ﬁ SLR(1) parsing
	Tk, 1(G) right-to-right covers G, and
	Tk, 1(G) is LR(1), iff G is LR(k+1)
	Idea
	· shift the derivation trees in G
	k symbols to the right
	· reduce actions are postponed until 1 symbol
	lookahead is sufficient to resolve uniquely.
	A is replaced by set of (x, A, y)’s, where
	y Œ Followk(A), x Œ Firstk(Ay).
	|y| £ k and |x| = k.
	L((x, A, y)) =
	{z | S ﬁ* uAw ﬁ* uvw, y = k:w, x = k:vw, xz = vy, |x| = k}
	Let G = ( N, S, P, S) be a grammar.
	Tk, 1(G) = (N¢, S, P¢, S¢), where
	N¢ = {S¢}
	» {(x, X, y) | y Œ Followk(X), x Œ Firstk(Xy)}
	P¢ = {S¢ Æ x(x, S, e) | x Œ Firstk(S)}
	» {(y0, A, ym) Æ
	(y0, X1, y1)(y1, X2, y2)º(ym-1, Xm, ym)
	| m ³ 0, AÆX1ºXm Œ P, ym Œ Followk(A),
	0 £ "i < m, yi Œ Firstk(Xi+1yi+1),
	Followk, Firstk in the context of A ﬁ* y0…}
	» {(ax, a, xb) Æ b | xb Œ Followk(a), |xb| = k}
	» {(ax, a, x) Æ e | x Œ Followk(a), |x| < k}.
	yi Œ Followk(Xi)
	hk,1: P¢ Æ P » {e}
	hk,1(S¢ Æ x(x, S, e)) = e,
	hk,1((y0, A, ym) Æ (y0, X1, y1)º(ym-1, Xm, ym))
	= A Æ X1ºXm,
	hk,1((ax, a, xb) Æ b) = e, and
	hk,1((ax, a, x) Æ e) = e.
	Two problems
	i) (Tk,1(G), hk,1) is a right-to-right cover of G.
	T6.78(ﬁ: L6.72-74, ‹: L6.75-77)
	ii) Tk,1(G) is LR(1) if and only if G is LR(k+1).
	T6.85(‹: L6.79-81, ﬁ: L6.82-84)
	Lemma 6.72 Consider G and Tk, 1(G) be grammar.
	If (x, A, y) ﬁp¢ (y0, X1, y1)º(ym-1, Xm, ym)z
	= F in Tk, 1(G).
	Then y0 = x, ymz = vy; and
	A ﬁp X1X2ºXmv in G.
	Moreover, if |ym| < k, then z = e.
	Proof by induction on |p¢|
	IB: m = 1, y0 = x, ym = y, z = v = e, and X1 = A.
	IH: p¢ =p1¢r¢
	(x, A, y) ﬁp1¢ (y0, X1, y1)º(yn-2, Xn-1, yn-1)(yn-1, X, y¢n)z1 ﬁr¢ (y0, X1, y1)º(yn-2, Xn-1, yn-1...
	Moreover, $v1 s.t.
	y0 = x, yn¢z1 = v1y, and
	A ﬁp X1X2ºXn-1Xv1 in G.
	Case 1:
	r¢ = (yn-1, X, yn¢) Æ (yn-1, Xn, yn)º(ym-1, Xm, ym),
	m ³ n - 1.
	By definition, ym = yn¢ and h(r¢) = X Æ XnºXm Œ P.
	Then we have:
	y0 = x, ymz1 = yn¢z1 = v1y, and
	A ﬁp1¢ X1X2ºXn-1Xv1 ﬁr¢ X1ºXmv1 in Tk, 1(G).
	z = z1, v = v1.
	Case 2:r¢ = (au, a, ub) Æ b. h(r¢) = e.
	If m = n - 1, z = bz1, and v = av1, we then have:
	F = (y0, X1, y1)º(yn-2, Xn-1, yn-1)bz1
	= (y0, X1, y1)º(ym-1, Xm, ym)z, (yn¢ = ub)
	y0 = x, ymz= yn-1bz1 = ayn¢z1 = av1y = vy, and
	A ﬁh(p¢r¢) X1ºXn-1Xv = X1ºXmav1 = X1ºXmv
	Case 3:r¢ = (ayn¢, a, yn¢) Æ e. |yn¢| < k, h(r¢) = e.
	If m = n - 1, z = z1, and v = av1, we then have:
	F = (y0, X1, y1)º(yn-2, Xn-1, yn-1)z1
	= (y0, X1, y1)º(ym-1, Xm, ym)z,
	y0 = x, ymz= yn-1z1 = ayn¢z1 = av1y = vy, and
	A ﬁh(p¢r¢) X1ºXn-1Xv = X1ºXmv1 = X1ºXmv
	Lemma 6.73 If
	(x, A, y) ﬁp¢ z in Tk, 1(G), then
	A ﬁh(p¢) v in G, where vy = xz.
	Proof
	F = z in L6.72.
	Lemma 6.74 If p¢ is a right parse of w in Tk, 1(G), then h(p¢) is a right parse of w in G.
	Lemma 6.75 Let G = (N, S, P, S)
	A ﬁp X1X2ºXmv in G,
	m = 0 or Xm is a nonterminal,
	y Œ Followk(A), ym= k:vy, ymz = vy, and
	yi Œ Firstk(Xi+1yi+1) 0 £ i < m.
	Then there is a rule string p¢ of Tk, 1(G) .'.
	h(p¢) = p, and
	(y0, A, y) ﬁp¢ (y0, X1, y1)º(ym-1, Xm, ym)z
	in Tk, 1(G).
	Proof by induction on |p|
	IB: m = 1, y0 = x, ym = y, z = v = e, and X1 = A.
	IH: p =p1r. Then
	A ﬁp1 X1X2ºXnBv1
	ﬁr X1X2ºXnXn+1ºXpv1
	= X1ºXmv in G
	Here, v = Xm+1ºXpv1, because r = B Æ Xn+1ºXp.
	If p > m, let yp = k:v1y, $z1 .'. ypz1 = v1y.
	And let yi = k:Xi+1yi+1, m < i < p.
	Then ym = k:vy = k:Xm+1ºXpv1y = k:Xm+1ym+1,
	and ym Œ Firstk(Byp).
	By IH:
	h(p1¢) = p1, and
	(y0, A, y) ﬁp1¢ (y0, A, y)
	ﬁp1¢ (y0, X1, y1)º(yn-1, X, y¢n)z1 in Tk, 1(G).
	And $ r¢ .'.
	r¢ = (yn, Xn+1, yn+1)º(yp-1, Xp, yp)
	h(r¢) = r.
	Then
	(y0, A, y) ﬁp1¢r¢ (y0, X1, y1)º(yp-1, Xp, yp)z1
	(ym, Xm+1, ym+1)º(yp-1, Xp, yp) ﬁp2¢u Œ Â*
	in Tk, 1(G), where p2¢ = p - m rules of the form
	(ax, a, xb) Æ b or (ax, a, x) Æ e.
	Then
	(y0, A, y) ﬁp1¢r¢p2¢ (y0, X1, y1)º(ym-1, Xm, ym)uz1
	in Tk, 1(G).
	Let p¢ = p1¢r¢p2¢, then h(p¢) = p.
	And ymuz1 = vy = ymz implying uz1 = z, as claimed.
	Lemma 6.76 If
	A ﬁp v in G, and
	y Œ Followk(A), x = k:vy, and xz = vy,
	then for some p¢ of Tk, 1(G),
	h(p¢) = p and
	(x, A, y) ﬁp¢z in Tk, 1(G).
	Proof
	m=0 and y0 = x in L6.75.
	Lemma 6.77 If p is a right parse of w in G, then w has in Tk, 1(G) a right parse p¢ .'. h(p¢) = p.
	Theorem 6.78 For all grammars G and k > 0,
	Tk, 1(G) right-to-right covers G w.r.t. the homomorphism h.
	Lemma 6.79
	(y0, X1, y1)º(yn-1, Xn, yn) ﬁrm * z in Tk, 1(G).
	Then $v .'. X1ºXn ﬁrm * v in G and
	vyn = y0z.
	Lemma 6.80
	[U Æ f·y, d] Œ ·FÒ1.
	Then the form of F and [U Æ f·y, d] are
	(i) F = x, [S0 Æ x·y(xy, S, e), $].
	(ii) F = x(x, S, e), [S0 Æ x(x, S, e)·, $].
	(iii) F = y0(y0, X1, y1)º(yr-1, Xr, yr),
	[(ym, A, yn) Æ (ym, Xm+1, ym+1)º(yr-1, Xr, yr)·
	(yr, Xr+1, yr+1)º(yn-1, Xn, yn), d],
	where [A Æ Xm+1ºXr·Xr+1ºXn, ynd]
	Œ ·X1ºXrÒk+1.
	(iv) F = y0(y0, X1, y1)º(yr-1, Xr, ax) and
	[(ax, a, xb) Æ ·b, d]
	where [A Æ a·ab, y’] Œ ·X1ºXrÒk+1
	and xbd Œ Firstk+1(by’).
	(v) F = y0(y0, X1, y1)º(yr-1, Xr, ax)b and
	[(ax, a, xb) Æ ·b, d] where... same to (iv).
	(vi) F = y0(y0, X1, y1)º(yr-1, Xr, ax)b and
	[(ax, a, xb) Æ ·, d]
	where [A Æ a·ab, y’] Œ ·X1ºXrÒk+1
	and x$ Œ Firstk+1(by’).
	Proof cases on the form of U.
	Case1: U = S0. Then (i) or (ii) is true.
	Case2: U = (x, A, y). Then
	S0’ ﬁrm S0$ ﬁrm y0(y0, S, e)$ ﬁrm * y0g(x, A, y)z$
	ﬁrm y0gfyz$ = Fyz$ in Tk, 1(G)’
	and 1:z$ = d.
	\ (y0, S, e) ﬁrm * g(x, A, y)z in Tk, 1(G).
	g(x, A, y)z = (y0, X1, Y1)º(ym-1, Xm, x)(x, A, y)z
	and S ﬁrm * X1ºXmAyz in G.
	If ym = x, yn = y, A Æ Xm+1ºXnŒ P,
	U Æ fy
	= (ym, A, yn) Æ (ym, Xm+1, ym+1)º(yn-1, Xn, yn).
	Then
	S’ ﬁrm X1ºXmAyz$ ﬁrm X1ºXmXm+1ºXnyz$ in G’
	and [A Æ Xm+1ºXr·Xr+1ºXn, k+1:yz$]
	·X1ºXrÒk+1.
	\ (iii) is true.
	Case3: U = (ax, a, xb).
	By lemma 6.72,
	(y0, S, e)$ﬁrm +y0(y0, X1, Y1)º(yr-1, Xr, ax)(ax, a, xb)z,
	and $A’ Æ Xi+1ºXn Œ P,
	(y0, S, e)$ﬁrm +y0(y0, X1, y1)º(yi-1, Xi, yi)(yi, A’, yn)u
	ﬁrm y0(y0, X1, y1)º(yn-1, Xn, yn)u, and
	(yr+1, Xr+2, yr+2)º(yn-1, Xn, yn)u ﬁrm * z.
	\S’ ﬁrm * X1ºXiA’ynu$ ﬁrm X1ºXnynu$
	in G by lemma 6.72.
	[A’ Æ Xi+1ºXr·aXr+2ºXn, k+1:ynu$]
	Œ ·X1ºXrÒk+1,
	and Xr+2ºXn ﬁrm v in G, vynu = yr+1z.
	xbd = k+1:yr+1z$ Œ Firstk+1(Xr+2ºXnynu$)
	= Firstk+1(Xr+2ºXn(k+1:ynu$)).
	\ one of (iv) and (v) is true.
	Case4: U = (ax, a, x), similar to Case3, (vi) is true.
	Lemma 6.81 If Tk, 1(G) is non-LR(1), then G is non- LR(k+1).
	Proof
	Let F be a viable prefix .'. I, J Œ ·FÒ1
	which cause a conflict.
	Case1: F = x(x, S, e), I = [S0 Æ x(x, S, e)·, $],
	J = [(x, A, e)Æ (x, S, e)·, $].
	Then [AÆS·, $] Œ ·SÒk+1,
	S’ ﬁrm S$ ﬁrm * A$ ﬁrm S$ in G’, and S ﬁrm+ S in G.
	Case2: F = x(x, S, e), I = [S0 Æ x(x, S, e)·, $],
	J = [(x, A, e)Æ ·, $].
	Then [A Æ·, $] Œ ·SÒk+1, and S’ ﬁrm S$ ﬁrm * A$ ﬁrm S$ in G.
	Case3: F = y0(y0, X1, Y1)º(yr-1, Xr, yr),
	I=[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr, yr)·, d]
	J=[(yp,B,yr)Æ(yp,Xp+1,yp+1)º(yr-1, Xr, yr)·, d].
	Then [A ÆXm+1ºXr·, d] and [BÆXp+1ºXr·, d]
	cause a conflict in ·X1ºXrÒk+1.
	Case4: F = y0(y0, X1, Y1)º(yr-1, Xr, ax),
	I=[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr,ax)·, b]
	J = [(ax, a, xb) Æ·b, d].
	Then [A ÆXm+1ºXr·, axb] and [B Æa·ab, y’]
	cause a s-r conflict in ·X1ºXrÒk+1
	because xbd Œ Firstk+1(by’).
	Case5: F = y0(y0, X1, Y1)º(yr-1, Xr, ax),
	I=[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr,ax)·, $]
	J = [(ax, a, xb) Æ·, $].
	Then [A ÆXm+1ºXr·, ax$] and [B Æa·ab, y’]
	cause a s-r conflict in ·X1ºXrÒk+1
	bacause x$ Œ Firstk+1(by’).
	Lemma 6.82 Let
	Xi ﬁrm * vi, yi Œ Followk(Xi), and yi-1 = k:viyi.
	Then
	(y0, X1, Y1)º(yn-1, Xn, yn) ﬁrm * z,
	where v1ºvnyn = y0z.
	Lemma 6.83 Let
	[A Æ Xm+1ºXr·Xr+1ºXn, ynd]
	Œ ·X1ºXrÒk+1,
	Xi ﬁrm * vi and yi-1 = k:viyi, 1 £ "i £ n, 0 £ m £ r £n.
	Then
	(b) [(ym, A, yn) Æ (ym, Xm+1, ym+1)º(yr-1, Xr, yr)·
	(yr, Xr+1, yr+1)º(yn-1, Xn, yn), d]
	Œ ·y0(y0, X1, Y1)º(yr-1, Xr, yr)Ò1.
	Moreover, if r < n and
	(yr, Xr+1, yr+1) = (ax, a, xb), then
	(c) [(ax, a, xb) Æ·b, 1:ud]
	Œ ·y0(y0, X1, Y1)º(yr-1, Xr, yr)Ò1,
	where xbu = vi+1ºvnyn.
	Similarly, if r < n and
	(yr, Xr+1, yr+1) =(ax, a, x), then
	(d) [(ax, a, xb) Æ ·, $]
	Œ ·y0(y0, X1, Y1)º(yr-1, Xr, yr)Ò1.
	Proof
	(i) By definition, $v Œ Â* .'.
	S’ ﬁ S$ ﬁ* X1ºXmAv$ ﬁ X1ºXmXm+1ºXnv$
	and k+1:v$ = ynd.
	Then
	(y0,S,e)ﬁ*(y0,X1,y1)º(ym-1,Xm,ym)(ym,A,yn)z,
	(ym,A,yn)Æ(ym,Xm+1,ym+1)º(yn-1,Xn,yn)
	in Tk,1(G).
	Then
	S0’ ﬁ S0$ ﬁ y0(y0,S,e)$
	ﬁ*y0(y0,X1,y1)º(ym-1,Xm,ym)(ym,A,yn)z$
	ﬁ y0(y0,X1,y1)(yn-1,Xn,yn)z$.
	\(b) is true.
	(ii) Assume that r < n, (yr, Xr+1, yr+1) = (ax, a, xb).
	Then (ax, a, xb) Æ b in Tk,1(G) and
	Xi ﬁ* vi, yi = k:vi+1ºvnyn ŒFollowk(Xi),
	(yr+1, Xr+2, yr+2)º(yn-1,Xn,yn) ﬁ* u by lem6.82
	where vr+2ºvnyn = yr+1u = xbu.
	Then by (b) and lemma 6.17, (c) is true.
	(iii) in a same manner (d) is true.
	Lemma 6.84 Let G = (N, S, P, S) and k ³ 0.
	If G is non-LR(k+1), then Tk, 1(G) is non-LR(1).
	Proof
	(i) if S ﬁ+S in G, then Tk, 1(G) is ambiguous.
	S ﬁ+A1ºAmS, Ai ﬁ*e for all i.
	then $x in Tk, 1(G),
	(x,S,e)ﬁ+(x,A1,x)º(x,Am,x)(x,S,e).
	By lemma6.75, Ai ﬁ*e implies (x,Ai,x)ﬁ*e for all i.
	\ (x, S, e) derives itself and Tk, 1(G) is ambiguous.
	(ii)
	[AÆXm+1ºXr·, w’], [BÆXp+1ºXr·, w’]
	Œ ·X1ºXrÒk+1.
	then for yrd = w’, yi = k:vi+1yi+1,
	[(ym, A, yr)Æ(ym,Xm+1,ym+1)º(yr -1,Xr,yr)·,d],
	[(yp, A, yr)Æ(yp,Xp+1,yp+1)º(yr -1,Xr,yr)·,d],
	Œ ·y0(y0, X1, y1)º(yr -1,Xr,yr)Òk+1.
	(iii)
	[AÆXm+1...Xr·,w1],[BÆXp+1...Xr·Xr+1...Xn, w2]
	Œ ·X1...XrÒk+1, w1ŒFirstk+1(Xr+1...Xnw2).
	then $vi .. Xi ﬁ* vi and k+1:vr+1ºvnw2 = w1.
	let yi = k:vi+1yi+1, then
	yr = k:vr+1yi+1 = k:vr+1vr+2yr+2
	= º = k:vr+1ºvnyn,
	and w1 = k+1:vr+1ºvnw2
	= k+1:vr+1ºvnynd2.
	Then by lem6.83,
	[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr, yr)·, d1]
	Œ ·y0(y0, X1, y1)º(yr-1, Xr, yr)Ò1.
	If (yr, Xr+1, yr+1) = (ax, a, xb),
	[(ax, a, xb) Æ·b, 1:ud2]
	Œ ·y0(y0, X1, y1)º(yr-1, Xr, yr)Ò1,
	xbu Œ�vr+1ºvnyn.
	Then w1 = k+1:vr+1ºvnynd2 = k+1:avr+2ºvnynd2
	= k+1:axbud2 = k+1:yrbud2.
	\ $a shift-reduce conflict.
	If (yr, Xr+1, yr+1) = (ax, a, x), by lem6.83, d2 = $,m
	[(ax, a, x) Æ·, $]
	Œ ·y0(y0, X1, y1)º(yr-1, Xr, yr)Ò1.
	yr+1 = k:vr+2ºvnyn = vr+2ºvnyn,
	yr = ayr+1 = vr+1ºvnyn.
	\ d1 = $ and $a reduce-reduce conflict.
	Theorem 6.85
	For any reduced grammar G = (N, S, P, S) and k ³ 0,
	Tk, 1(G) is LR(1) iff G is LR(k+1).
	Theorem 6.86 For k ³ 1, any reduced grammar G,
	G can be transformed into G’ .'.
	G’ is an equivalent grammar,
	G’ right-to-right covers G, and
	G’ is LR(1) iff G is LR(k).
	Theorem 6.87 For any alphabet S,
	the family of deterministic languages over S
	coincides with
	the family of SLR(1) languages over S.


