
4/28/15 6. LR(k) Parsing 1

Kwang-Moo Choe PL Labs., Dept of CSKAIST

6. LR(k) Parsing

LR(k) parsing:
The most general deterministic parsing method in
which the input string is parsed

(1) in a single Left-to-right scan,
(2) producing a Right parse, and
(3) using lookahead of length k.

 
Generalization of

(1) nondeterministic shift-reduce parser
(2) the simple precedence parser

stack symbols:
grammar symbols are divided up into

one or more “context dependent” symbols

Two stack strings 1X and 2X are equivalent, if
exactly same set of parsing actions are valid

in the context of 1X and 2X.

Replacing X by equivalent class [X]
refinement of stack symbol

X  V [X]  2V*
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6.1 Viable Prefixes

Gab:
S aA | bB
A c | dAd
B c | dBd

L(Gab) = {a, b}{dncdn| n0}.

$cy$, where $:1  {a, b, d} and 1:y$  {$, d}
reduce-reduce conflict for A c and B c.

 (1: = a)  (1: = b)

Extending lookahead and lookback into length k.
cx Ax, cy By

,   V*:k,   x, y  k:*$.
but

adkcdk adkAdk, bdkcdk bdkBdk

reduce-reduce conflict for any k!

A string  is a viable stack string of pda M, if
$sw$ * $y$ * $f$ in M.
stack string in some accepting computation M.

Not arbitrary string is a viable stack string.

2V*
 vs. 2VS where VS  V*.
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Viable stack strings of Gab:
{}  {adn| n0}  {adnc| n0}

 {adnA| n0}  {adnAd| n1}
 {bdn| n0}  {bdnc| n0}
 {bdnB| n0}  {bdnBd| n1}
 {S}

Not every action is valid, for viable stack string
adncvalidadnA, bdncvalidbdnB; but

adnc\ validadnB, bdnc\ validbdnA.

An action r is valid for viable stack string  of M if
$y$ r $’y’$ * $f$ in M

The set of viable stack strings are infinite. But we
can divide the set of viable stack strings in to a finite
number of equivalent classes.

Two viable stack string belongs to the same equiva-
lent class if they have same set of valid actions.

Since for any G = (N, , P, S) in shift-reduce parser
number of distinct actions = || + |P| |G|
number of equivalent classes  2|G|.
 number of equivalent classes is finite.
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equivalent classes: valid actions:
{} shift a, shift b
{adn| n  0}  {bdn| n  0} shift c, shift d
{adnc| n  0} reduce by A  c
{bdnc| n  0} reduce by B  c
{aA} reduce by S  aA
{bB} reduce by S  bB
{adnA| n1}  {bdnB| n1} shift d
{adnAd| n  1} reduce by A  dAd
{bdnBd| n  1} reduce by B  dBd
{S} — 

stack symbols: equivalent classes (grammar symbol)
X  [X]: X: viable stack string

[X]: equivalent class of X

shift a
[]a[][a] 

reduce by A X1Xn 
[][X1] [X1Xn] [][A] 

s = [] and f = {[][S]}
 []yz *[][Y1][Y1Yk]z * [][S].

Y1Yi are viable stack string for 0  i  k.
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Regular expression for valid viable stack strings
, ad* | bd*, ad*c, aA, ad+A | bd+B, ad+Ad, bd*c, bB,
bd+Bd, S
For regular expression E, we define

[E]  wL(E) [w].
 L(E) [E], in fact usually L(E) = [E].

equivalent classes: valid actions:
[] shift a, shift b
[S] — 
[ad*bd*] shift c, shift d
[ad*c] reduce by A  c
[bd*c] reduce by B  c
[aA] reduce by S  aA
[bB] reduce by S  bB
[ad+Abd+B] shift d
[ad+Ad] reduce by A  dAd
[bd+Bd] reduce by B  dBd

Regular expressions  finite automata
regular expression over N  .
 finite automaton with input alphabet N  .

Characteristic finite state machine

Deterministic parsing of context-free languages?
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No “reduce-reduce conflicts” by A c and B  c.
[ad*bd*][ad*c] [ad*bd*][aA]

(reduce by A c),
[ad*bd*][bd*c] [ad*bd*][bB]

(reduce by B c).
note that [aA] [ad+A|bd+B] [bB].

[] [S]

[aA]

[ad*bd*]

[ad*c]

[ad+Abd+B]

[ad+Ad]

B

c

d

d
A [bB]

[bd*c]

c

B

a b
S’S

SbB

BcAc

BdBdAdAd

SaA

S

[ad+Bd]

d

A

Kwang-Moo Choe PL Labs., Dept of CSKAIST
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But “shift-shift conflict”
[ad*|bd*]c  [ad*|bd*][ad*c] (shift c),
[ad*|bd*]c  [ad*|bd*][bd*c] (shift c),

and
[ad+A|bd+B]d  [ad+A|bd+B][ad+Ad],
[ad+A|bd+B]d  [ad+A|bd+B][bd+Bd].

Consider adn, adnA, and adnB for n 0.
adn  [ad*|bd*]. But

adnA  [aA] and [ad+A|bd+B].
bdnA  [aB] and [ad+A|bd+B].

[ad*|bd*] is split into [a], [ad+],[b], and [bd+]
Since [ad*c]  [bd*c], [ad*]  [bd*].
Since [aA]  [ad+A], [a]  [ad+].
Since [bA]  [bd+A], [b]  [bd+].

[ad+A| bd+B] is split into [ad+A] and [bd+B]
Since [ad+Ad]  [bd+Bd], [ad+A]  [bd+B].
Kwang-Moo Choe PL Labs., Dept of CSKAIST
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[ad* | bd*]
[a], [b], [ad+], [bd+]

[ad+A | bd+B]
[ad+A], [bd+B]

[]

[a]

[S]

[aA]

[ad+]

[ad*c]

[ad+A]

[ad+Ad]

d

A

c

c

d

d

A [b]

[bd+]

[bd+B]

[bd+Bd]

d

B

d

d

[bB]

[bd*c]

c

c

B

a b
S’S

SbB

BcAc

BdBdAdAd

SaA

S
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Right invariant(unique outgoing symbol)
If two stack string 1 and 2 are equivalent, they re-
main equivalent when they are lengthened.

If [1] = [2], [1X] = [2X].
Otherwise “shift-shift” conflict.

Unique entry symbol
Two equivalent stack string should end with same
symbols. If [1] = [2], 1:1 = 2:1.
Otherwise, reduce action is not uniquely defined.
Consider [][X1][X1Xn] [A] .
the rule A  X1Xn is uniquely defined, if

[][X1’][X1’Xn’] [A’],
\ A’  X1’Xn’  P

. [A]=[A’], [X1]=[X1’], ,
[X1Xn]=[X1’Xn’].

[2X]

[1X]
[1]=[2]

X

X

[]

[X1]=[X1’] [Xn]=[Xn’]

[A]=[A’]

X2

X2’

X1

X1’

A
A’

Xn

Xn’
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Let G = (N, , P, S) be a grammar. String   V* is a
viable prefix of G, if

S rm
*Ay rmy (=y)

where   V*, y  *, and A    P.
 is a complete viable prefix, if  = .

Fact 6.1 Any viable prefix is a prefix of some com-
plete viable prefix.

Lemma 6.4 Any prefix of a viable prefix is a viable
prefix.
Proof S rm

n Ay rmy = 12y
i)  is a prefix of 1.

1 = ’ where  = ’2.  1 is a viable prefix.
ii) 1 is a prefix of .()

A = 1. n  0, 1 is a viable prefix. (L6.2)

Lemma 6.2 Let G = (N, , P, S) be a grammar,
  P+, , ,   V*A  N, and y  *.
If S rm

 y = Ay in G, and   . Then

S rm
’’A’y’

rm
r ’’’y’ = ’y’

rm
”y = Ay,

’r" = , and ’   (’:1 = :1).
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If  is a prefix of some nontrivially derived right sen-
tential form(not extending over the last nonterminal),
the derivation contains a segment rule(r) that proves
 to be a viable prefix, even so that the right-hand
side of the rule r cuts  properly.

Any prefix of nontrivially derived right sentential
form(not extending over the last nonterminal) is a vi-
able prefix.

S

A’

y’A

’ ’  ’

y



’ 

r
"

’
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Proof induction on the length of .
i) || = 1.  = S y = A’ ’’y.

’ = y’ = , ( = ’, y = ’)
ii) ||  1. Assume that IH holds for 1 where =1r1.

S rm
1 11y1= 1A1y1

rm
r1 1y1 = y = Ay, =r1.

Then S rm
1’1’A1’y1’

rm
r1 1’1’1’y1’ = 11’y1’

rm
1”11y1 = 1A1y1,

1’r11" = 1, and 1’1’ = 1.
Note that  = 1” where ”   or  = 1

a)  = 1”, it is trivial, since
’ = 1, y’ = y1, ’ = 1, " = , r = r1.

b)  = 1

S rm
1 1y1 = 1A1y1.
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Lemma 6.3
S rm

+ Ay. Then  is a viable prefix.
Proof.  = .

Lemma 6.5 Let A   P. Then
if A is a viable prefix of G, then so is .

Lemma 6.6 If
$w$  $y$. Then
$w$ ’$z$ "$y$, and  = ’“.

Proof induction on ||.
i)  = ,  =  = .
ii)    and   ,  = 1r1.

(1) $w$ 1 $ay$r1 $ay$, or
(2) $w$ 1 $y$r1 $Ay$. 

 is a prefix of  in (1), and a prefix of  in (2).

Theorem 6.7 
Let G = (N, , P, S), M be a shift-reduce parser of G.
Any viable stack string of M is

either S or viable prefix of G. 
Conversely, any viable prefix of G is 

a viable stack string of M, 
provided that G is reduced.

Proof from lemma 5.17, 5.19.
(shift-reduce parser = right parser)
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Given a grammar G = (N, , P, S),
Let GVP = (NVP, VP, PVP, [S]) where

NVP = {[A]| A  N},
VP = N  , and
PVP = {[A] | A  P} 

{[A][B]| AB  P, B  N}.

Example)
(Gab)VP: Gab:

[S] |a|aA|b|bB|a[A]|b[B] S aA | bB
[A] |c|d|dA|dAd|d[A] A c | dAd
[B] |c|d|dB|dBd|d[B] B c | dBd

[S] a A

b B

[A] c

dd A

[B] c

dd B

Rule automaton








Kwang-Moo Choe PL Labs., Dept of CSKAIST
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Lemma 6.8 Let S rm
nAy in G. Then

[S] * [A] in GVP.
Proof
i)n=0: it is clear (A=S, =y=).
ii) 0 mn:

S rm
m’A’y’ rm’Ay’ = Ay’ in G. (L6.2)

[A’]  [A] PVP, since A’AP

[S] * ’[A’] ’[A] = [A] in GVP.

Lemma 6.9 Let [S] n [A] in GVP. Then

S * Ay in G.
Proof
i) n=0: =, A=S, y=.
ii) 0mn:

S m ’[A’] ’[A] = [A] in GVP,

A’A  P,  * x *, since [A’][A]  PVP.

S * ’A’y’ ’A * ’Axy’ = Ay in G.
Kwang-Moo Choe PL Labs., Dept of CSKAIST
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Theorem 6.10 The grammar GVP generates the set of
viable prefixes of G. And GVP is right linear.
Proof.
If S rm

* Ay rmy (=y) in G (AP),

[S] * [A]   (=).
If [S] * [A]    V* and A    P, then

S rm
* Ay rmy.

Theorem 6.11 For any grammar G = (N, , P, S), the
set of all viable prefixes is a regular expression over
V.

viable prefices = valid stack strings
= regular expression

GVP is a regular grammar generating the set of via-
ble prefixes of G.

C0 in G is the dfa for GVP.
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6.2 Valid LR(k) Items
Let A    P. Then [A  , y] is a k-item, if

A   is a position of G and y  k.
0-item [A  , ] [A  ]

A   is core of the item,
y is the lookahead of the item.

A k-item [A  , y] is LR(k)-valid (or valid) for
string (=)  V* if

S rm
* Az rmz (=z) and y = k:z$k.

Let Rk denotes the set of whole valid LR(k) items.

Fact 6.12 If [A  , y] is a LR(k) valid item for
string (=), then  is a viable prefix and

y  Followk() = Followk(A)Followk(A).
Conversely, if a string  is a viable prefix, then some
item is LR(k)-valid for .



4/28/15 6. LR(k) Parsing 18

Kwang-Moo Choe PL Labs., Dept of CSKAIST

Define ValidLR(k)
G: V*  2Rk.

Let   V*. Then
Validk()LR(k)

G =

{[A., x]| S rm
* Az rm z =z, x = k:z$k}

Valid LR(k) items for the viable prefix 
ValidLR(k)

G  ValidLR(k)  Validk Valid

Validk: V
*  2Rk.

Define LR(k)V
*  V*

1 is LR(k)-equivalent to 2,
written 1 LR(k) 2 (or 1 k 2),

if Validk(1) = Validk(2).

The relation k is called the LR(k)-equivalence for
G.
k is an equivalent relation.

[]
k
 denotes an equivalent class of  under k

[]
k
 = {|  k }

[]
k
 []k [].

We denote []
k
 by []k (or even []).
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We extend the domain of Validk from V* to 2V
:

Validk(L) = {I  Rk| I  Validk(),   LV*}

Validk([]k) = {I| I  Validk(),   []k}

Since Validk(1) = Validk(2), if 1,2[]k or 1 k 2
We may write Validk() to denote Validk([]k).

 Validk() = Validk([]k)
= {I  Rk| I  Validk(),   []k}

[]k: denotes an equivalent class of
(viable prefices) under k.

may be infinite([]k  V*)
Validk(): denotes a set of

[A., x](LR(k) items) under k.
always be finite(Validk()   Rk)

[1]k = [2]k iff Validk(1) = Validk(2), 
bijective correspondence between

[]k and Validk().
We may write k instead of Validk()

Is it possible that  =  implies[, x]k =[, y]k?
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Validk() = {[S.aA, $k], [S.bB, $k]}

Validk(a) = {[Sa.A, $k],[A.c, $k],[A.dAd, $k]}

Validk(aA) = {[SaA., $k]}

Validk(adn+1) = {[Ad.Ad,k:dn$k],[A.c,k:dn+1$k],

[A.dAd, k:dn+1$k]}
Validk(adnc) = {[Ac., k:dn$k]}

Validk(adn+1A) = {[AdA.d, k:dn$k]}

Validk(adn+1Ad) = {[AdAd., k:dn$k]}
 

1+ 2(2 + 4(k+1)) = 8k + 13 (LR(k) states)

[ad+]0 = [ad]k    [adk]k  [adk+1d*]k.

[ad+]0 = [add*]0 

= [ad]1  [addd*]1
= [ad]2  [add]2  [adddd*]2 

=[ad]3 [add]3  [addd]3  [addddd*]3 

[ad*c]0 = [ac]k    [adk-1c]k  [adkcd*]k.

[ad+A]0 = [adA]k    [adkA]k  [adk+1d*A]k.

[ad+Ad]0 = [adAd]k    [adkd]k  [adk+1d*d]k.
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[, ]
0
 denotes the an equivalent class of ,

under 0.
[]

0
 []0 [] denotes an equivalent class of

valid prefixes under LR(0) equivalence.

Validk(, x) denotes an equivalent class of
[A., x] under k.

Validk() can denotes an equivalent class of
valid LR(k)-items under LR(k) equivalence.

k: V
*V*, k: I I. equivalent relation

[]k: 2
V*

, [I]k: 2
I. equivalent class

Validk: V
* 2I, or 2V* 2I.

Valid1
k: I 2V*, or 2I 2V*.

Validk({[]k
}) = Valid1

k({[I]k})

iff I  Validk() and/or   Valid1
k(I)
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Theorem 6.13 The LR(k)-equivalence k for G is an

equivalence relation on V*, k is a finite index, and

the index of k is at most 2|G|(||+1)k.
One of the equivalent class under k is

{|  is not a viable prefix of G}.
Proof.
As [1]k

 = [2]k
 iff 1k

 = 2k

bijective correspondence: []k
 and k

.

 index of k = number of distinct sets k

At most distinct |G| item cores in G and
||k + ||k-1 +  + ||1 + 1  (|| + 1)k.

A string  is a viable prefix iff []k
 

 set of non viable prefixes forms a single equiv-
alent class under k.
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Lemma 6.14 Let k l. Then
k = {[A., k:y]| [A., y]  l}.

Lemma 6.15 Let k l. Then LR(l)-equivalence is a
refinement of LR(k)-equivalence. More specifically

[]k =  []l.

[]k are bijective correspondence with k .
k: finite representation of the class []k.

collection of all sets []k.
finite representation of the entire LR(k) equiva-

lence

canonical collection of set of LR(k)-valid items for G
canonical LR(k) collection for G: Ck.

canonical LR(k) machine M
(or deterministic LR(k) machine)

M = (Ck, V, {[]kX  [X]k}, []k, )
-free, normal-form, completely specified, and

deterministic fa
(1) right-invariance of the LR(k)-equivalence.

Since dfa, if [1]k = [2]k, [1X]k = [2X]k.
(2) []k has a unique entry symbol.

Since []kX  [X]k  P,
if [1] = [2], 1:1 = 2:1
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[AB, y] LR(k) [Bz], z  Firstk(y)
LR(k) k .

I2 is an immediate LR(k)-descendant of I1, if I1  I2.

I2 is an LR(k)-descendant of I1, if I1 * I2.
I1 is an (immediate) LR(k)-ancestor of I2,

if I2 is an (immediate) LR(k)-descendant of I1.

[Bz] is immediate LR(k)-descendant of
[AB, y], if z  Firstk(y)

k
n = {[A, y]| 

S rm
nAz rmz (=z), y = k:z}

Fact 6.16 k = n=0


 k
n = k

*

Lemma 6.17 If
[AB, y]  k

n and  m v  *. Then

[B, k:vy]  k
n+m+1().

Lemma 6.18 k is closed under k, i.e.,

k
*(k) = k.
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Lemma 6.19 If
[B, z]  k

n and n0. Then

[AB, y]  k
m,  n-m-1 v, k:vy = z.

Fact 6.20 k
0 = {[S, ]| S  P}

[A] is LR-essential (or essential), if 
inessential, otherwise.

EssLR(q) = {I  q| I is LR-essential}.

Lemma 6.21 Let I  k
n, k, n  0.

(1) n = 0,  = , I = [S , ].
(2)   and I is essential.
(3) n 0, I is inessential

and J, J k I, J  k
m, m  n.

Lemma 6.22 
k

n k
*({S , ]| S   P})

k
n k

*(Ess(k)), if .

Lemma 6.23 (F.6.16, L6.18, and L6.22)
k =k

*({[S , ]| S   P})

k =k
*(Ess(k)), if .
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k
X: relation on set of LR(k) items.

[A  X, y] k
X [A  X, y],

pass-X, or X for short
BasisLR(q, X) = {[A  X, y]| [A  X, y]q}

 k
X(q).

k
X: relation on set of LR(k) items.

GotoLR(q, X) = k
*(BasisLR(q, X)) = k

*(k
X(q))

 = k
Xk

*  k
X(q).

X-successor, k
X for short

Fact 6.24
If [A , y]  k

n, [A ., y]  k
n.

If [A , y]  k
n. [A , y]k

n, =.

Lemma 6.25 Ess(Xk) = Basis(k, X)

Ess(Xk) = k
X(k).

Lemma 6.26 Xk = Goto(k, X))

Xk = k
*(k

X(k)) = k
X(k).
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k
(q) = k

*(q)

k
X(q) = k

*(k
X(k

(q))),  .

  k
(qs) = k

X1(k
X2((k

Xn(k
(qs)))))

= k
*(k

X1(k
*(k

X2((k
*(k

Xn(k
*(qs)))  )))).

[]k = k
(qs) = k

*({S’ .S, $k]})

[X]k = k
*(k

X([]k))

[X]k = k
*(k

X([]k))

Algorithm Compute M = (Ck, V, P, qs, )

qs := k
*([S’ .S, $k]);

Ck := {qs};
P := ;
repeat

for q  Ck and X  V do

p := k
*(k

X(q));
Ck := Ck  {p};
P := P  {qX  p}

od
until nothing is added to Ck.
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Lemma 6.27 Let M = (QM, V, PM, qs, F) be a canon-
ical LR(k) machine for G = (V, , P, S). Then
(a) M is deterministic.
(b) q  QM, Goto(p, X) = q, unique X.

(c) qs 
* q, iff q = k.

(d) If F = {k} for some , LM = []k.
(e) If F = {k| k},

LM = Set of viable prefixes of X.

(f) If F = {k} for all , LM = V*.

Proof
Assume 1kX  1Xk, and

2kX  2Xk.
where 1k = 2k.

Then1Xk = Goto(1k, X)
 = Goto(1k, X) = 2Xk.

 1Xk = 2Xk.  M is deterministic.(a)
Assume 1kX1 k, and 2kX1 k. Then

k = 1X1k = k
*(Basis(1k, X1)),

= 2X2k = k
*(Basis(2k, X2)).

 Basis(1k, X1) = Basis(2k, X2) .
 X1 = X2.(b)
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[]k12 * [1]k2 in M.
Since M is deterministic, []k is the only state.(c)

Theorem 6.28 
(a) The LR(k) equivalence of G is the equivalence in-
duced by the canonical LR(k) machine of G.

[1]
k
 = [2]

k
,

iff qs1 * qsq and qs2 * qsq .
(b) The LR(k) equivalence of G is right invariance.

If [1]
k
 = [2]

k
, [1X]

k
 = [2X]

k
.

(c) The LR(k) equivalence of G is ends with same
symbols.

If [1]
k
 = [2]

k
, 1:1 = 2:1.
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[]k = M
(qs) =  M

([]k) ?= (k
*k

)*(k
*([]k)).

[]k = k
*([S’ .S, $k]).

[X]k = k
*(k

X([]k)).

k
X([]k).

 []k = k
([]k).

k
(q) = {q}.

k
X(q) = k

*(k
X(k

(q))).

[]k = k
*([S’ .S, $k]).

[X]k = k
X(k

(q)).
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6.3 Canonical LR(k) Parser

Let G = (N, , P, S). The canonical LR(k) parser for
G is a pushdown transducer M = ([G]k, , , P, ,
[]k, {[]k[S]k}, $,) where

[G]k = {[]k|   V*}

 = {[]k[X1]k[X1Xn]ky  []k[A]ky
 | [A  X1Xn, y]  X1Xnk} (ra)

 {[]kay  []k[a]ky 
| a  , [A  a, z]  k,

y  Firstmax{k-1, 0}(z)} (sa)

([]k[X1]k[X1Xn]ky  []k[A]ky)
= A  X1Xn,

([]kay  []k[a]ky) = .

[B  A, x]  k [BA,x]  Ak
[A  X1Xn, y]  k 
[A  X1X2Xn, y]  X1k 
 
[A  X1Xn, y]  X1Xnk 
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Canonical LR(k) Parser
right parser

LR(k) parser  right parser
T6.34 (T5.21: s/r par., T5.65: simple-prec. par)

LR(k) parser  right parser
L6.29, L6.30 (L5.17, 5.18 and L5.60, L5.61)

homomorphism h:
action in LR(k) parser

 action in shift-reduce parser
h([]k[X1]k[X1Xn]ky  []k[A]ky)

= X1  Xn  A,
h([]ka  []k[a]k) = a  a.

Furthermore, h:
configuration in LR(k) parser

 configuration in shift-reduce parser
h([]k[X1]k  [X1Xn]kw$k) = $X1  Xnw$k.

 []k[X1]k  [X1Xn]kx$k 

  []k[Y1]k  [Y1Ym]ky$k implies

$X1  Xnx$k h() $Y1  Ymy$k.

LR(k) parser  right parser
L6.31, L6.32, L6.33

(L5.19, 5.20 and L5.63, L5.64)
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Lemma 6.29 Let M be a LR(k) parser for G. If
[]k[Y1]k  [Y1Yn]kxy$k

 []k[X1]k  [X1Xm]ky$,   * in M,
then

X1Xm rm
()R Y1Ynx in G,

 and || = |()| + |x|.
Proof Induction on the length of action string .
i)  = . x = , Y1Yn = X1Xm, and () = .
ii)  = r’.
ii.1) r is reduce by A  YpYn, 1pn.

[]k[Y1]k  [Y1Yn]kxy$k

r []k[Y1]k  [Y1Yp-1]k[Y1Yp-1A]kxy$k

’ []k[X1]k  [X1Xm]ky$k.

X1Xm rm
(’)R Y1  Yp-1Ax rm

A Y1  Ynx,
and

|’| = |(’)| + |x|.
 X1Xm rm

((’)·A)R Y1  Ynx, and
|| = 1+|’| = 1+|(’)| + |x| = |()| + |x|.

ii.2) r = []ka[]k[a]k ,
[]k[Y1]k  [Y1Yn]kxy$

= []k[Y1]k  [Y1Yn]kax’y$

r []k[Y1]k  [Y1Yn]k[Y1Yna]kx’y$
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’  []k[X1]k  [X1Xm]ky$
and |’| = |(’)| + |x’|.

X1  Xmax’y rm
(’)R Y1  Ynax’y

  rm
(’)· x in G, and

|| = 1+|’| = |(’)| + 1+|x’| = |()| + |x|

Lemma 6.30 Let M be a canonical LR(k) parser for
G. Then

(1) L(M) L(G), 
(2) : actions in M, () is a right parse of w,
(3) TimeG(w) TimeM(w) - |w|.
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Lemma 6.31 Let  M be a LR(k) parser. 
If [A , z]  a1ank and k:y$k  Firstk(z),

then []k[]ka1any$k

 []k[]k[a1]k[a1an]ky$k

where  is a sequence of shift actions.

valid k-item  valid stack string

Proof
S’ * Az’  z’ = a1anz’, and

k:z’ = z.  i, 1 i n,
(i) if  = ’aian,

[A ’aian, z]  [a1ai-1]k 
(ii) if  = a1aj-1Az’. By lemma 6.2,

S’ + ’A’y’  ’”ai’y’ = a1ai’y’, and
’y’ * ai+1aj-1Az’.

 [A’  ”ai, k:y’]  a1ai-1k ,
and’y’ * ai+1aj-1Az’

   * ai+1anz’.
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Lemma 6.32 Let  M be a LR(k) parser.
If X1Xm rm

R Y1Ynx in G,
[A , z]  X1Xmk,
k:y$k  Firstk(z), and
either Y1Yn =  or Yn  N.

Then() = , || = || + |x|, and
   []k[Y1]k  [Y1Yn]kxy$k

 []k[X1]k  [X1Xm]ky$k,   * in M.
Proof Induction on .
i)  = . X1Xm = Y1Ynx.

[]k[Y1]k  [Y1Yn]kxy$k

 []k[Y1]k  [Y1Yn]k [Y1Yn1:x]k
[Y1Ynx]ky$,

 is a |x|-length shift action string(L6.31)
|| = |x|, () =  = .

ii)  = B1.

X1Xm rm
1R 1pBx1

rm
r 1px1Y1Ynx in G.

where x = vx1.
1 .. (1) = 1, |1|=|1|+|x1|, and
[][Z1][Z1Zp][Z1ZpB]x1y$

1 [][X1][X1Xm]y$ .
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And because [A , z]  X1Xmk
, z’ ..
S 

rm
 *Az’ 

rm
 z’ = X1Xmz’ 


rm

 X1Xmuz’  in G’,

and k:z’ = z, k:uz = k:y$.
 S 

rm
 * Z1ZpB1uz’ 

rm
 Z1Zpx1uz’ in G’.

Here k:x1uz’ = k:x1uz = k:x1y$, so
[B, k:x1y$]  Z1Zpk.

Then [][Y1][Y1Yn]xy$
= [][Y1][Y1Yn]vx1y$


rm
  [][Y1][Y1Ynv]x1y$

= [][Z1][Z1Zp][Z1Zp]x1y$ in M,
for some |v|-length shift action string 2.

Then an action r’ ..
r’ = [Z1Zp][Z1Zp]y’ 

[Z1Zp][Z1ZpB]y’,
where y’ = k:x1y$.

 [][Y1][Y1Yn]xy$


rm
  [][X1][X1Xm]y$ in M,

where  = 2r’1.
And () = (2)(r’)(1) = r1 = , 

 ||=||+|x|.
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Lemma 6.33 Let M be a canonical LR(k) parser for
G. Then

(1) L(G) L(M), 
(2) : right parse of w in G, () =  in M,
(3) TimeG(w) TimeM(w) + |w|.

Proof
Y1Ym = , X1Xm = S,

[A , z] = [S’ S, $1], y = .

Theorem 6.34 Let M be a canonical LR(k) parser for
G. Then

(1) M is a right parser for G.
(2) wL(G), M produces all right parses of w.
(3) TimeM(w) = TimeG(w) + |w|.
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6.4 LR(k) Grammar

G is LR(k) grammar if its canonical LR(k) parser
is deterministic and S \ +S in G.

Theorem 6.35 Any LR(k) grammar is unambiguous.

“reduce-reduce conflicts”
[A1 1, y1], [A2 2, y2],

if y1 = y2, A1  1A2 2.
“shift-reduce conflicts”

[A  a, z], [B  , y]
if y  Firstk(az).

Lemma 6.36 Let M be the CLR(k) parser for G.
Then M is nondeterministic iff

a state which contains a pair of items exhibiting 
a reduce-reduce or shift-reduce conflict.

Proof
() I1, I2  k, and either
(i) I1 = [A  X1...Xn, y], I2 = [B  Y1...Ym, y], or
(ii) I1 = [A  X1...Xna, z], I2 = [B  Y1...Ym, y],

y  Firstk(az).
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Assume m  n, then for [][X1]...[X1...Xn]|y,
(i)  [][X1]...[X1...Xn]|y  [][A]|y and

[X1...Xi-1][X1...Xi]...[X1...Xn]|y 
 [X1...Xi-1][X1...Xi-1B]|y in M,

Y1...Ym = Xi...Xn(i=n-m+1; L6.24)
(ii)  [X1...Xn]|ay’  [X1...Xn][X1...Xna]|y’

[X1...Xi-1][X1...Xi]...[X1...Xn]|y
 [X1...Xi-1][X1...Xi-1B]|y, k:ay’ = y in M.

 parser is nondeterministic.
() let r1, r2 are conflicting actions in [] of M, then
(i)  (r1)  []|ay  [][a]|y,
      (r2)  []|ayv  [][a]|yv,
where [A1  1a1, z1], [A2  2a2, z2]  k,

y Firstmax{k-1, 0}(1z1), yv Firstmax{k-1, 0}(2z2).
Here1, 2 \ * x$, and  if y  yv, then y:1 = $, 
 v = .  no shift-shift conflict.

(ii)  (r1)  []...[X1...Xn]|y  [][A]|y,
      (r2)  []...[Y1...Ym]|y  [][B]|y,
then [X1...Xn] = [Y1...Ym], and
[A  X1...Xn, y] X1...Xnk, and
[B  Y1...Ym, y] Y1...Ymk,
 reduce-reduce conflict.
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Lemma 6.37 k contains a pair of items exibiting a
reduce-reduce conflict iff

(a) S’ * 1A1y1  11y1 = y1,

(b) S’* 2A2y2  22y2 = y2,
(c) k:y1 = k:y2, and
(d) A11  A22

hold in G’.
Proof  [A1., k:y1], [A2., k:y2] k.
Lemma 6.38 k contains a pair of items exibiting a
shift-reduce conflict iff

(a) S’ * 1A1y1  11y1 = y1,

(b) S’* 2A2y2  22y2 = vy2,
(c) k:y1 = k:vy2, v  

hold in G’.
Proof
() A ·a, z andB  ·, y are in k.
() 2 = v, [A2 ·v, k:y2], or

   v = az2, S’ * 2A2y2 = azA2y2.
By lemma 6.2, A  ·a P,
[A  ·a, k:y] k.
ay * azA2y2  az2y2 = vy2.
By (c) , there exists a shift reduce conflict.
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Lemma 6.39 The following statements are logically
equivalent for all G and k  0.

(a) The canonical LR(k) parser of G is determin-
istic.

(b) In the canonical LR(k) machine of the $-aug-
mented grammar G’ no states contains a pair of
items exhibiting a reduce-reduce or shift-reduce
conflicts.

(c) The conditions
S’ * 1A1y1  11y1 = y1,

S’* 2A2y2  22y2 = vy2,
and k:y1 = k:vy2, v  

always implies that
1 = 2, A1 = A2, and 1 = 2.

Theorem 6.40 For all k  0, the class of LR(k) gram-
mars is properly contained in the class of LR(k+1)
grammars.

Proposition 6.41 Any pushdown automaton M with
input alphabet  can be transformed into an equiva-
lent grammar G with terminal alphabet  such that
M is deterministic if and only if G is LR(k) for some
k  0.

LR(k) languages = LR(1) languages
deterministic languages = LR(1) languages
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Lemma6.42 Let G be LR(k) grammar and M be a
LR(k) parser for G.
Further let x, y  * and 

  [G’]* .. []  xy$ *   y$.
If y’ .. the condition xy’ L(G), k:y  k:y’, 

then |y$ is an error configuration.
Proof by contradiction

 = [][X1]...[X1...Xn], X1...Xn *x.
If |y$ were not an error configuration, then

[A  , z]  X1...Xnk, 
k:y$  Firstk(z).

S’ * Az’$  z’$ = X1...Xnz’$,

k:z’$ = z,  * v, then k:y$ = k:vz = k:vz’ = k:y’,
and xvz’ L(G), a contradiction.
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Lemma6.43 Let G be a LR(k) grammar and M be a
LR(k) parser for G, k1.
Then M detects an error in any input string in
*\L(G).
Proof

(i) k:w  k:w’, for all w’  L(G), by lemma 6.42.
(ii) k:w = k:w’ for some w’  L(G).

Then  x, y, y’ ..
(a) w = xy,
(b) k:y = k:y’ and xy’  L(G).
(c) y  *, xy  L(G) implies k+1:y  k+1:y.

Let y = ay1, y’ = ay1’, and there exist , ’ ..
[]|xay1’$ |ay1’$ ’|y1’$ in M.

Then
[A  a, z]  X1...Xnk 
     if =[]...[X1...Xn], where k:ay1’  First(az).

By lemma 6.32, 
[]|xay1$ * [][X1]...[X1...Xn]|ay1$ 

      = |ay1$ * ’|y1$.
By (c), xay"1  L(G) always implies k:y1  k:y"1 .
 By lemma 6.42, |y1$ is an error configuration.
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The parser loops forever when
(1) S  S|a : LR(0) parser is deterministic,
(2) S  ak+1|ASbk, A    : not LR(k).

Theorem6.44 Let k  0. Then M deos not loop forever
on any input string.
Proof Assume that M loops forever for w = xy  *.
Then  i , ri  ..

[]|w$ * 1|y$,

i|y$ ri i+1|y$ in M  i  1.
Let i = []...[i], 1 * x, i+1 rm i.
Let ri be reduce action by Ai  i and 

[Ai  i., k:zi$]  1 
i.

[]|xzi$ * 1|zi$  2|zi$,
and more generally,

i|zi$ rn n+1|zi$.
M loops forever on all xzi, i  1.
But zi =  because xzi  L(M)  i and

M is deterministic. Then
S * n+1An+1  n+1wn+1 = n+1 n 1 * x.

G is ambiguous, a contradiction.
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6.5 LALR(k) parsing

Theorem 6.45 The size of the canonical LR(k) parser

for grammar G is O(2||k|G| + klog||+log|G|).
Proof 

2(||+1)k|G’| : # of distinct LR(k)-equivalent classes.

2(||+1)k|G’| ·|G| ·(||+1)k

: sum of the lengths of all reduce actions

Whether does the grammar exist with this upper
bound?

k=0
Proposition 6.46 For each n  0, let Gn =({A0, A1, ,
An}, {0, 1, a, a0, a1, , an}, P, A0) where P is

Ai  1Ai+1ai , 0  i  n-1
An  1A0an,
Ai  0Aiai , 1  i  n
Ai  0A0ai , 1  i  n
A0  a.

Then the size of the canonical LR(0) collection for Gn

is at least 2c|Gn| for all n  0, c  0.
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Let G = (N, , P, S) be a cfg. Then a rule automaton, 
M = (Q, N, R, S’, , Q)

Q = {A, | A    P}  {S’, , S’, S}
R = {S’, S  S’, S}

 {S’,   B, | S  B  P}
 {A, X  A, X| A  X  P}
 {A,   B, | A  B  P}

M is a dfa but -moves.

M’ = (K, N, R, S’, , K)
K = {A, | A    P,   }  {S’, , S’, S}
R’= {S’, S  S’, S}

 {S’,   B, X| S  B  P, B  X  P}
 {A, X  A, X| A  X  P,   }
 {A, X  B, X| A  B  P,   ,

B  X  P}

|K| = |Q| - |N|

R’= {S’, S  S’, S}
 {S’,   B, X| S  B  P, B  X  P}
 {A, a  A, a| A  a  P,   }
 {A, B  A, B, A, X  B, X 

| A  B  P,   , B  X  P}
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Let G = (N, , P, S) be a cfg. Then LR(k) automaton, 
Mk = (Q, N, R, S’, , $k, Q)

Q={A, , x| A    P, x  Followk(A)}

 {S’, , $k, S’, S, $k}
R = {S’, , $kS  S’, S, $k}

 {S’, , $k  B, , y|
S  B  P, y  Firstk($k)}

 {A, , xX  A, X, x| A  X  P}
 {A, , x  B, , y|

A  B  P, y  Firstk(x)}
M is a dfa but -moves.

M’ = (K, N, R, S’, , $k, K)
K = {A, , x| A    P,   , x  Followk(A)}

 {S’, , $k, S’, S, $k}
R’= {S’, , $kS  S’, S, $k}

 {S’, , $k  B, X, y|
S  B  P, B  X  P, y  Firstk($k)}

 {A, , xX  A, X, x| A  X  P,   }
 {A, , xX  B, X, y| A  B  P,   ,

B  X  P, y  Firstk(x)}

|K| = |Q| - |N|
Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(k) Parsing 49
R’= {S’, S  S’, S}
 {S’,   B, X| S  B  P, B  X  P}
 {A, a  A, a| A  a  P,   }
 {A, B  A, B, A, X  B, X 

| A  B  P,   , B  X  P}
Kwang-Moo Choe PL Labs., Dept of CSKAIST
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1 A1 a0

a
[A0]

0 A0 a1

1

[A1]
A1 a1

A2 a1

0 A0 ai

1

[Ai] Ai ai

Ai+1 ai

0 A0 an

1

[An]
An an

A0 an
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Gab: S  aA|bB, A  |cAd, B  |cBd

A  ·,       $
A  ·cAd, $

S · aA·,   $
S ·bB,    $

B  c·Bd,   $

S  b·B,  $

S’  $S·$, eS’  $·S$, e

S  a·A,   $

S  aA·, $

A  cA·d, dd
A  cA·d, d$
A  cA·d,   $

A  ·,       $
A  ·,       $

A  ·cAd, dd
A  ·cAd, d$ B c·Bd, dd

B  c·Bd, d$

B  ·,       $
B  ·,       $

 

       

A  c·Ad, dd
A  c·Ad, d$
A  c·Ad,   $

A  cAd·, dd
A  cAd·, d$
A  cAd·,   $

B  ·cBd, d$
B  ·cBd, dd

B  cB·d,   $

B cB·d, dd
B  cB·d, d$
 

B  cBd·,   $

B cBd·, dd
B  cBd·, d$
 

B ·,      $
B ·cBd, $ 

S  b·B,  $

   

1 2

3

4

6

7

8

9

10

11

12

5

a S

bA

B

Bc

d

d

A

c

c

c
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the partition of the LR(0)-equivalent classes into
LR(k) equivalent classes are:
[]0 = []k
[S]0 = [S]k
[a]0 = [a]k
[a]0 = [a]k
[aA]0 = [aA]k

[ac+]0 = [ac]k �... � [ack]k � [ackc+]k

[ac+A]0 = [acA]k �... � [ackA]k � [ackc+A]k

[ac+Ad]0 =[acAd]k�...� [ackAd]k�

[ackc+Ad]k
[b]0 = [b]k
[bB]0 = [bB]k

[bc+]0 = [bc]k �... � [bck]k � [bdckc+]k

[bc+B]0 = [bc]k� ... � [bck]k � [bdckc+]k

[bc+Bd]0 = [bcd]k  ...  [bckd]k  [bdckc+d]k

6k + 12 linear in k
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Theorem 6.47 
Let q be the state of LALR(k) machine for G, and q is
accessible upon reading string .

Then  is a viable prefix of G, and
  V*. I  q, I  k, where  0 .

Conversely, 
If I  k,

Then q s.t. I  q and 
q is accessible upon reading any viable prefix 

.  0 .

LR(k) states: []kk = k  []k
= {[A  ., x]  k|   []k}

LR(0) states: []00 = k  []0
= {[A  .]  0|   []0}

LALR(k) states: []0k=k, 0  []0
= {[A  ., x]  k|   []0}

Since []k  []0,
k  k, 0, 
core(k) = core(k, 0) = core(0)
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Let G = (N, , P, S). The LALR(k) parser for G is a
pushdown transducer M = ([G]0, , , P, , []0,
{[]0[S]0}, $,) where

 = {[]0[X1]0[X1Xn]0y  []0[A]0y
 | [A  X1Xn·, y]  [X1Xn]0k,)

(ra)
 {[]0ay  []0[a]0y 

| a  , [A  ·a, z]  []0k,
y  Firstmax{k-1, 0}(z)} (sa)

Theorem 6.48 The size of LALR(k) parser for G is
O(2|G| + klog|| + log|G|).
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Correctness of LALR(k) parser as a right parser.
L6.49: right parser  LALR(k) parser

LR(0) parser(L6.29)
L6.50: LALR(k) parser  right parser

LR(k) parser(L6.32)

Theorem 6.51 For the LALR(k) parser M for G,
(1) M is a right parser for G
(2) w L(G), M produces all right parses of w

 in G
(3) TIMEG(w) = TIMEM(w) + |w|.

making LALR(k) parser
from LR(k) parser  uniting all states with the

       same set of item cores
from LR(0) parser  add suitable k-length

       lookahead strings to 0-items
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LALR(k) lookahead set is sufficient and minimal

Theorem 6.52
Let [A ·, z]  q. Then x, y and X1...Xm ..
 []|xy * [][X1]...[X1...Xm]|y$ in M,
where the set of cores in X1...Xm0 is same as in q
and k:y$ = Firstk(z).

In CLR(k) parser 
every item [A·, z] in any state q 

can be "used" in the parsing of 
all terminal strings of the form xy, 
   where k:y  Firstk(z) and q = $0.

sentence LALR(k) is same as LR(k)
no sentence additional reduce actions

in LALR(k)
Immediate Error Detection Property in LR(k)

reduce stack for error recovery in LALR(k)

G = (N, , P, S) is LALR(k) if 
its LALR(k) parser is deterministic and 
S + S is impossible in G. 

A language over alphabet  is LALR(k) if 
it is generated by an LALR(k) grammar.
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Theorem 6.53 (Characterization of LALR(k) Gram-
mars)Let G’ be a augmented grammar.
The LALR(k) parser of G is deterministic iff 

in the LALR(k) machine of G’ 
no state contains a pair of items 
exibiting a reduce-reduce  or 

   a shift-reduce  conflict.

Theorem 6.54 The class of LALR(0) grammars coin-
sides with the class of LR(0) grammars. For k  1 the
class of LALR(k) grammars is properly contained in
the class of LR(k) grammars.
Proof 
(i) LALR(k)  LR(k): 

uniting of states in CLR(k) machine 
can only increase # of reduce-reduce conflicts.

(ii) LALR(k)  LR(k) 
counter example:

S  aAa|bAb|aBb|bBa,
A  c,
B  c.

This grammar is LR(1) 
but not LALR(k) for any k.
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Gerneralize the LALR concepts: 
LA(k)LR(l) machine
 unite q1 and q2 

whenever the truncating of the k-length 
lookahead strings to length l  k, 
yields the same set of l-items.

  unite q1, q2 if Truncl(q1) = Truncl(q2),
  Truncl(q) = {[A  ·, l:y]|[A  ·, y] q}

Fact 6.55 
The LA(k)LR(k) machine is same to LR(k) machine.
The LA(k)LR(0) machine 

is same to LALR(k) machine.

Theorem 6.56 Let q be a state in LA(k)LR(l) machine
accessible upon reading string . 

Then  is a viable prefix of G, and 
  V*. I  q, I  k, where  l . 

Conversely, 
If I  k.

then q s.t. I  q and
q is accessible upon reading any viable prefix 

.  l .
States in LA(k)LR(l) machine

[]lk  []l
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6.6. SLR(k) Parsing
SLR(k) stands for Simple LR(k).

adding k-lookaheads in a crude, simple way.
seldom minimal lookaheads.

SLR(k) parser for G is the pushdown transducer M
= ([G]0, , , P, , []0, {[]0[S]0}, $,) where

 = {[]0[X1]0[X1Xn]0y  []0[A]0y
 | [A  X1Xn·]  [X1Xn]0 and

y  Followk(A)} (ra)
 {[]0ay  []0[a]0y 

| a  , [A  ·a]  []0,
y  Firstmax{k-1, 0}(Followk(A))} (sa)

Theorem 6.57 
The SLR(k) parser M for G is a right parser for G.
Moreover, w  L(G), 

M produces all right parses of w in G, and
TIMEG(w) = TIMEM(w) + |w|.
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Theorem 6.58 (Characterization of SLR(k) Gram-
mars) The SLR(k) parser of G is deterministic iff for
all state q in SLR(k) machine,
(1) Whenever [A1  1·], [A2  2·]  q, then

Followk(A1)  Followk(A2) = .
(2) Whenever [A  ·a], [B  ·]  q, then

Firstk(aFollowk(A))  Followk(B) = .

Theorem 6.59 
The class of SLR(0) grammars 

coinsides with the class of LR(0) grammars. 
For k  1,

the class of SLR(k) grammars is properly
contained in the class of LALR(k) grammars.

(eg)  S  Ac|bA|bc,
  A  

Time to test SLR(k) property for G: polynomial to |G|
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Transformation of G into Tk(G),
which is SLR(k) if and only if G is LR(k).

Idea : replace A by ([]k, A)…
G = (N, ,S, P)
Tk(G) = ([G]k N, , ([]k, S), P̂), where

P̂ = {([]k, A)  U1…Um
|[B1A2, y]k  k, A  X1…Xm  P, 
1im Ui = ([X1Xi-1]k, Xi) if Xi  N,
       = Xi if Xi    {$}.

U: [B1A2, y] k
U1: [AX1…Xm, x] k

U2: [AX1X2…Xm, x] X1k



Um: [AX1X2…Xm, x] X1Xm-1k

Um+1: [AX1X2…Xm , x] X1Xmk

[B1A2, y] Ak
A

X1

Xm
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([]k, A) is a useful nonterminal inTk(G), iff
[]k  [G]k, A  N, and [B  .A]  []k.

S rm
*  Ay

([]k, S) rm
*  ([]k, A)y

Followk(([]k, A)) = {k:y| S rm
*  Ay}

Tk(G) right-to-right covers G
 right parses in Tk(G) are mapped into 

right parses in G by a homomorphism h.

Furthermore,
Tk(G) is structurally equivalent to G.

 parse trees in Tk(G) and G have same structure
parse trees are same except for

the labeling of the nonterminal nodes.
parse trees are isomorphic
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Cover relations between Grammars
Let x, y  {"left", "right"}. Then
an x-to-y cover of G is a pair (Ĝ, h) where

Ĝ = (N̂, , P̂, Ŝ) and h: P̂*  P* ..
i) 


w  L(Ĝ) and x-parses ̂ of w in Ĝ,
h(̂) is a y-parse of w in G.

ii) 

w  L(G) and y-parses  of w in G,

̂  P̂*, ̂ is a x-parse of w in Ĝ and h(̂)= .

h maps x-parses of Ĝ into y-parses of G

If 

h, (Ĝ, h) is x-to-y covers of G,
Ĝ x-to-y covers G with respect to h

If Ĝ x-to-y covers G with respect to h,
(Ĝ, h) is x-to-y covers of G,

Fact 6.60 If Ĝ x-to-y covers G, then L(Ĝ) = L(G).
Fact 6.61 If (M, ) is an x parser of Ĝ and if Ĝ x-to-
y covers G w.r.t. h, then (M, h) is a y parser of G.

(Tk(G), hk) right-to-right covers G, if
hk(U  U1Um) = A  X1Xm, where
U = ([], A), Ui = ([X1Xi-1], Xi) if XiN,

                 = Xi if Xi .
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(M, ) is a x-parser of G, if () = x.

(Ĝ, h) is a x-to-y cover of G, if h(̂x) = y.
(M, h) is a x-parser of G.

Consider a function M: *  {*}
M(w) = .

M is deterministic if M: *  *.
Consider a function Gx: *  {P*}

Gx(w) = .
G is unambiguous, if Gx: *  P*.

M is a x-parser of G, if M: *  {P*}
M = Gx.

If G is ambiguous, 

G

Ĝ (M, )ˆ (M, h)



4/28/15 6. LR(k) Parsing 65

Kwang-Moo Choe PL Labs., Dept of CSKAIST

Example
G: S  Ac | bA | bc

A   
Follow(A) = {$, c}

G is not SLR(1) in state [b]

Tk(G): ([], S)  ([], A) c | b ([b], A) | b c
([], A)  
([b], A)  

S  A c | b Ab | b c
A  
Ab  

S’.S, $
S.Ac, $
S.bA, $
S.bc,$
A., c

S’S, $

SA.c, $

Sb.A, $
Sb.c,$
A., $

SAc., $

SbA., $

Sbc., $

S

A c

A

c

b

[] [S]

[A]

[b]

[Ac]

[bA]

[bc]
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Follow(A) = {c}
Follow(Ab) = {$}

Tk(G) is SLR(1)

Tk(G) right-to-right covers G w.r.t. hk(T6.64)
w  L(Ĝ) where ̂ is a right parse of w in Tk(G),

hk(̂) is a right parse of w in G.(L6.62)
w  L(G), where  is a right parse of w in G

̂ . hk(̂)=, ̂ is a right parse of w in
Tk(G).

(L6.63)

S’.S, $
S.Ac, $
S.bAb, $
S.bc,$
A., c

S’S, $

SA.c, $

Sb.Ab, $
Sb.c,$
Ab., $

SAc., $

SbAb., $

Sbc., $

S

A c

Ab

c

b

[] [S]

[A]

[b]

[Ac]

[bA]

[bc]
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Lemma 6.62 If [A]  [G]k, ([], A) ̂ in Tk(G).
Then let = U1Umy,

X1Xm[G]k, and

A hk(̂ )X1Xmy in G , where
Ui = ([X1Xi-1], Xi) if XiN,
     = Xi if Xi{$}.

Proof by induction on |̂|.
IB: ̂ = 
IH: ̂ = ̂1r̂r̂= W  W1Wp P̂

([], A) 
 1 U1UnWy 

r U1UnW1Wpy = .
By definition of Tk(G),

W = ([], B), = hk(U1Un), and
Wi = ([Z1Zi-1], Zi), if ZiN,

   = Zi, if Zi{$}.

By IH, 

X1XnB [G]k, and,

A hk(̂
 1


 
X1XnBy in G,

[X1Xn] = [], and by right invariance,
[Z1Zi-1] = [X1XnZ1Zi-1].

If choose m = n+p, 1  i  p,
Un+i = Wi, Xn+i = Zi, then the lemma is proved.
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Lemma 6.63 A  [G]k, A  X1Xmy in G, and
either X1Xm =  or Xm  N.

Then 

̂  P̂* .. hk(̂) =  and

([], A) ̂  U1Umy  in Tk(G).
Proof by induction on ||.
Base:  = . Then ̂ =  and U1 = ([], A).
Induction Step:   = 1r, r = B  Z1Zp.

A 
rm
1 Y1YnBy1 

rm
 
r Y1YnZ1Zpy1

                         =  X1Xmy in G.(m=n+p)
1 of Tk(G) ..

hk(1) = 1 and

([], A) 
rm
1 U1Un([Y1Yn], B)y1 

   where Ui = ([Y1Yi-1], Yi) if Yi  N,
                   = Yi if Yi  .

Then r= ([Y1Yn], B)Un+1Un+p in Tk(G)
where Ui = ([Y1YnZ1Zi-1], Zi) if Zi  N,
                = Zi if Zi  .

hk(1r) = hk(1)hk(r) = 1r = , and

([], A) 
rm
1rU1Un+py1 = U1Umzy1

           =  U1Umy.
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Theorem 6.64 Tk(G) right-to-right covers G w.r.t. hk.

Corollary 6.65 If (M, ) is a right parser of Tk(G),
then (M, hk) is a right parser of G.

Lemma 6.66 y  Followk(([]k, A)) in Tk(G) iff
S * Az in G, []k = []k, l:z = y.

In other words, 
y is a follower of ([]k, A) in Tk(G) 

iff y is a follower of A in G 
      in some context LR(k)-equivalent to .

Lemma 6.67 
[U  UmUi·Ui+1Up, y]  U1Uil
in Tk(G) iff

[A  XmXi·Xi+1Xp, y]  X1Xil,
U = ([X1Xm-1], A), and 1jp,
Uj  = ([X1Xj-1], Xj) if Xj  N,

= Xj if Xj    {$}.
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Lemma 6.68 If G is non-LR(k), then so is Tk(G).
Proof   
(i) S 

rm
+S, then ([]k, S) 

rm
+([]k, S),

Tk(G) is non-LR(k).
(ii) X1Xik contains a conflict. Then

[A  XmXi·, y]  X1Xik,
[B  XnXi·Xi+1Xp, u]  X1Xik,
y  Firstk(Xi+1Xpu).
Then by lemma 6.67,
[U  UmUi·, y]  U1Uik, and
[W  UnUi·Ui+1Up, u]  U1Uik,
where U = ([X1Xm-1]k, A), 

     W = ([X1Xn-1]k, B),
     Uj  = ([X1Xj-1]k, Xj) if Xj  N,
= Xj if Xj    {$}.

U  W or m  n or i+1  p,
y  Firstk(Ui+1Upu).
Tk(G) is non-LR(k).
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Lemma 6.69 If Tk(G) is non-SLR(k), then G is non-
LR(k).
Proof    If Tk(G) is non-LR(k), we have

[U  UmUi·]  U1Ui0,
[W  UnUi·Ui+1Up]  U1Ui0,
y  Followk(U) Firstk(Ui+1UpFollowk(W)),
Ui+1   whenever i+1  p. Then there exist
U = ([X1Xm-1]k, A),
W = ([X1Xn-1]k, B), and 
Uj  = ([X1Xj-1]k, Xj) if Xj  N,

= Xj if Xj    {$}, 1jp.
By lemma 6.66,

S * Az, []k = [X1Xm-1]k, k:z = y,
S * Bu, []k = [X1Xn-1]k, k:xu = y, and
x Firstk(Ui+1Up).

(i)  If Ui+1  , Xi+1  , too. Then
[AX1Xi·, k:z$], [BX1Xi·Xi+1Xp, k:u$]

exhibit a conflict.
(ii) i p, by the right invariance, i = p, then

reduce-reduce conflict.
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Theorem 6.70 Any grammar G can be transformed
into a structurally equivalent grammar which is
SLR(k) iff G is LR(k).

Theorem 6.71 For any k 0, 
the families of LR(k) languages, 

LALR(k) languages, and 
SLR(k) languages 

are all equal.
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6.7. Covering LR(k) Grammars by LR(1) Gram-
mars

- LR(k) language  LR(1) language
LR(k) grammar  LR(1) grammar

right-to-right cover
- deterministic language SLR(1) parsing

Tk, 1(G) right-to-right covers G, and
Tk, 1(G) is LR(1), iff G is LR(k+1)

Idea
 shift the derivation trees in G 

k symbols to the right 
 reduce actions are postponed until 1 symbol 

lookahead is sufficient to resolve uniquely.

A is replaced by set of (x, A, y)’s, where
y Followk(A), x Firstk(Ay).

|y|  k and |x| = k.

L((x, A, y)) = 
{z | S  uAw  uvw, y = k:w, x = k:vw, xz =

vy, |x| = k}
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A (x, A, y)

x y
v z

A (x, A, y)

x
yv z

A (x, A, y)

x yv z

(a) |v| > k

(b) |v| < k

(c) |y| < k

Figure 6.20 (p85)
vy = xz, where A * v, (x, A, y) * z, 
                         and |x| = k.

|y| = k

|y| = k
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Let G = ( N, , P, S) be a grammar.
Tk, 1(G) = (N, , P, S), where
N = {S}
    {(x, X, y) | y Followk(X), x Firstk(Xy)}
P = {S x(x, S, ) | x Firstk(S)}
    {(y0, A, ym) 

(y0, X1, y1)(y1, X2, y2)(ym-1, Xm, ym) 
| m 0, AX1Xm P, ym Followk(A),

0 i  m, yi Firstk(Xi+1yi+1),
Followk, Firstk in the context of A  y0…}

   {(ax, a, xb) b | xb Followk(a), |xb| = k}
   {(ax, a, x)  | x Followk(a), |x|  k}.

 yi Followk(Xi)
hk,1: P P  {}

hk,1(S x(x, S, )) = ,
hk,1((y0, A, ym)  (y0, X1, y1)(ym-1, Xm, ym))

= A  X1Xm,
hk,1((ax, a, xb) b) = , and
hk,1((ax, a, x) ) = .

Two problems
i) (Tk,1(G), hk,1) is a right-to-right cover of G.

T6.78(: L6.72-74, : L6.75-77)
ii) Tk,1(G) is LR(1) if and only if G is LR(k+1).

T6.85(: L6.79-81, : L6.82-84)
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Example
First1 Follow1

S  Abb | Bb {a} {}
A  aA | a {a} {b}
B  aB | a {a} {b}

S0  a (a, S, ) 
(a, S, )  (a, A, b)(b, b, b)(b, b, ) S  Abb

| (a, B, b) (b, b, ) S  Bb
(a, A, b)  (a, a, a) (a, A, b) A  aA

| (a, a, b) A  a
(aa, B, b)  (a, a, a) (a, B, b) B  aB

| (a, a, b) B  a
(a, a, a)  a 
(a, a, b)  b 
(b, a, b)  b 
(b, b, )   
Kwang-Moo Choe PL Labs., Dept of CSKAIST



4/28/15 6. LR(k) Parsing 77
Example
First2 Follow2

S  Abb | Bb {aa, ab} {}
A  aA | a {aa, a} {bb}
B  aB | a {aa, a} {b}

S0  aa (aa, S, ) 
| ab (ab, S, ) 

(aa, S, )  (aa, A, bb)(bb, b, b)(b, b, ) S  Abb
| (aa, B, b) (b, b, ) S  Bb

(ab, S, )  (ab, A, bb)(bb, b, b)(b, b, ) S  Abb
| (ab, B, b) (b, b, ) S  Bb

(aa, A, bb)  (aa, a, aa) (aa, A, bb) A  aA
| (aa, a, ab) (ab, A, bb) A  aA

(ab, A, bb)  (ab, a, bb) A  a
(aa, B, b)  (aa, a, aa) (aa, B, b) B  aB

| (aa, a, ab) (ab, B, b) B  aB
(ab, B, b)  (ab, a, b) B  a
(aa, a, aa)  a 
(aa, a, ab)  b 
(ab, a, bb)  b 
(ab, a, b)   
(bb, b, b)   
(b,   b, )   
Kwang-Moo Choe PL Labs., Dept of CSKAIST
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Lemma 6.72 Consider G and Tk, 1(G) be grammar.

If (x, A, y)  (y0, X1, y1)(ym-1, Xm, ym)z
=  in Tk, 1(G).

Then y0 = x, ymz = vy; and

A  X1X2Xmv in G.
Moreover, if |ym| < k, then z = .
Proof by induction on ||
IB: m = 1, y0 = x, ym = y, z = v = , and X1 = A.
IH:  =1r

(x, A, y) 1 (y0, X1, y1)(yn-2, Xn-1, yn-1)(yn-1, X,

yn)z1 r (y0, X1, y1)(yn-2, Xn-1, yn-1)z1
Moreover, v1 s.t.

0= x, ynz1 = v1y, and 

 X1X2Xn-1Xv1 in G.
Case 1: 
r = (yn-1, X, yn)  (yn-1, Xn, yn)(ym-1, Xm, ym), 

m  n - 1. 
By definition, ym = yn and h(r) = X  XnXm  P. 
Then we have:

y0 = x, ymz1 = ynz1 = v1y, and

A 1 X1X2Xn-1Xv1 r X1Xmv1 in Tk, 1(G).
z = z1, v = v1.
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Case 2:r = (au, a, ub)  b. h(r) = .
If m = n - 1, z = bz1, and v = av1, we then have:

 = (y0, X1, y1)(yn-2, Xn-1, yn-1)bz1
= (y0, X1, y1)(ym-1, Xm, ym)z    (yn = ub)

y0 = x, ymz= yn-1bz1 = aynz1 = av1y = vy, and

A h(r X1Xn-1Xv = X1Xmav1 = X1Xmv
Case 3:r = (ayn, a, yn)  . |yn| < k, h(r) = .
If m = n - 1, z = z1, and v = av1, we then have:

 = (y0, X1, y1)(yn-2, Xn-1, yn-1)z1
= (y0, X1, y1)(ym-1, Xm, ym)z

y0 = x, ymz= yn-1z1 = aynz1 = av1y = vy, and

A h(r X1Xn-1Xv = X1Xmv1 = X1Xmv

x yn-1 ym

Xn-1X1 Xn Xm v1 z1

y

A (x, A, y)

(yn-1, X, ym)X
Kwang-Moo Choe PL Labs., Dept of CSKAIST
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Lemma 6.73 If
(x, A, y)  z in Tk, 1(G), then

A h( v in G,  where vy = xz.
Proof

 = z in L6.72.

Lemma 6.74 If  is a right parse of w in Tk, 1(G),
then h() is a right parse of w in G.
Kwang-Moo Choe PL Labs., Dept of CSKAIST
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Lemma 6.75 Let G = (N, , P, S)
A  X1X2Xmv in G,

m = 0 or Xm  is a nonterminal,
y Followk(A), ym= k:vy, ymz = vy, and
yi  Firstk(Xi+1yi+1) 0  i < m.

Then there is a rule string  of Tk, 1(G) ..
h() = , and
(y0, A, y)  (y0, X1, y1)(ym-1, Xm, ym)z 

in Tk, 1(G).
Proof by induction on ||
IB: m = 1, y0 = x, ym = y, z = v = , and X1 = A.
IH:  =1r. Then

A 1 X1X2XnBv1 

r X1X2XnXn+1Xpv1
  = X1Xmv in G

Here, v = Xm+1Xpv1,  because r = B  Xn+1Xp.
If p > m, let yp = k:v1yz1 .. ypz1 = v1y.
And let yi = k:Xi+1yi+1, m < i < p.
Then ym  = k:vy = k:Xm+1Xpv1y = k:Xm+1ym+1,

and ym Firstk(Byp). 
By IH:

h(1) = 1, and
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(y0, A, y) 1 (y0, A, y) 

1 (y0, X1, y1)(yn-1, X, yn)z1 in Tk, 1(G).
And  r ..

r = (yn, Xn+1, yn+1)(yp-1, Xp, yp)
h(r) = r. 

Then
(y0, A, y) 1r (y0, X1, y1)(yp-1, Xp, yp)z1

(ym, Xm+1, ym+1)(yp-1, Xp, yp) 2u * 
in Tk, 1(G), where 2 = p - m rules of the form

(ax, a, xb) b or (ax, a, x) .
Then 

(y0, A, y) 1r2 (y0, X1, y1)(ym-1, Xm, ym)uz1
in Tk, 1(G).
Let 1r2, then h() = .
And ymuz1 = vy = ymz implying uz1 = z, as claimed.
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Lemma 6.76  If 
A  v in G, and
y  Followk(A), x = k:vy, and xz = vy,

then for some  of Tk, 1(G),
h() =  and
(x, A, y) z in Tk, 1(G).

Proof
m=0 and y0 = x in L6.75.

Lemma 6.77 If  is a right parse of w in G, then w has
in Tk, 1(G) a right parse  .. h() = .

Theorem 6.78 For all grammars G and k > 0,
Tk, 1(G)  right-to-right covers G w.r.t. the homomor-
phism h.
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Lemma 6.79
(y0, X1, y1)(yn-1, Xn, yn) 

rm
 * z in Tk, 1(G).

Then v .. X1Xn 
rm

 * v in G and

vyn = y0z.
Lemma 6.80
[U  ·, d]  1.
Then the form of  and [U  ·, d] are
(i)  = x, [S0  x·y(xy, S, ), $].
(ii)  = x(x, S, ), [S0  x(x, S, )·, $].
(iii)  = y0(y0, X1, y1)(yr-1, Xr, yr),

[(ym, A, yn)  (ym, Xm+1, ym+1)(yr-1, Xr, yr)·
(yr, Xr+1, yr+1)(yn-1, Xn, yn), d],

where [A  Xm+1Xr·Xr+1Xn, ynd]
      X1Xrk+1.

(iv)  = y0(y0, X1, y1)(yr-1, Xr, ax) and
[(ax, a, xb)  ·b, d]

where [A  ·a, y’]  X1Xrk+1
     and xbd  Firstk+1(y’).

(v)  = y0(y0, X1, y1)(yr-1, Xr, ax)b and
[(ax, a, xb)  ·b, d] where... same to (iv).

(vi)  = y0(y0, X1, y1)(yr-1, Xr, ax)b and
[(ax, a, xb)  ·, d] 

where [A  ·a, y’]  X1Xrk+1
     and x$  Firstk+1(y’).
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Proof cases on the form of U.
Case1: U = S0. Then (i) or (ii) is true.
Case2: U = (x, A, y). Then

S0’ 
rm

 S0$ 
rm

  y0(y0, S, )$ 
rm

 * y0(x, A, y)z$


rm

  y0z$ = z$ in Tk, 1(G)’

and 1:z$ = d.
 (y0, S, ) 

rm
 * (x, A, y)z in Tk, 1(G).

(x, A, y)z = (y0, X1, Y1)(ym-1, Xm, x)(x, A, y)z
and S 

rm
 * X1XmAyz in G.

If ym = x, yn = y, A  Xm+1Xn P,
U   
= (ym, A, yn)  (ym, Xm+1, ym+1)(yn-1, Xn, yn).

Then
S’ 

rm
 X1XmAyz$ 

rm
 X1XmXm+1Xnyz$ in G’

and [A  Xm+1Xr·Xr+1Xn, k+1:yz$]
X1Xrk+1.

 (iii) is true.
Case3: U = (ax, a, xb).

By lemma 6.72,
(y0, S, )$

rm
 +y0(y0, X1, Y1)(yr-1, Xr, ax)(ax, a, xb)z,

and A’  Xi+1Xn  P,

(y0, S, )$
rm

 +y0(y0, X1, y1)(yi-1, Xi, yi)(yi, A’, yn)u


rm

  y0(y0, X1, y1)(yn-1, Xn, yn)u, and
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(yr+1, Xr+2, yr+2)(yn-1, Xn, yn)u 
rm

 * z.

S’ 
rm

 * X1XiA’ynu$ 
rm

 X1Xnynu$  

in G by lemma 6.72.
[A’  Xi+1Xr·aXr+2Xn, k+1:ynu$]

 X1Xrk+1,
and Xr+2Xn 

rm
 v in G, vynu = yr+1z.

xbd = k+1:yr+1z$  Firstk+1(Xr+2Xnynu$)
= Firstk+1(Xr+2Xn(k+1:ynu$)).

 one of (iv) and (v) is true.
Case4: U = (ax, a, x), similar to Case3, (vi) is true.

Lemma 6.81 If Tk, 1(G) is non-LR(1), then G is non-
LR(k+1).
Proof
Let  be a viable prefix .. I, J  1

which cause a conflict.
Case1:  = x(x, S, ), I = [S0  x(x, S, )·, $],

      J = [(x, A, ) (x, S, )·, $].
Then [AS·, $]  Sk+1,

S’ 
rm

 S$ 
rm

 * A$ 
rm

 S$ in G’, and S 
rm

+ S in G.

Case2:  = x(x, S, ), I = [S0  x(x, S, )·, $],
      J = [(x, A, ) ·, $].

Then [A ·, $]  Sk+1, and S’ 
rm

 S$ 
rm

 * A$ 
rm

 S$ in

G.
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Case3:  = y0(y0, X1, Y1)(yr-1, Xr, yr),
I=[(ym,A,yr)(ym,Xm+1,ym+1)(yr-1, Xr, yr),

d]
J=[(yp,B,yr)(yp,Xp+1,yp+1)(yr-1, Xr, yr), d].

Then [A Xm+1Xr, d] and [BXp+1Xr, d]
cause a conflict in X1Xrk+1

Case4:  = y0(y0, X1, Y1)(yr-1, Xr, ax),
I=[(ym,A,yr)(ym,Xm+1,ym+1)(yr-1, Xr,ax),

b]
J = [(ax, a, xb) b, d].

Then [A Xm+1Xr, axb] and [B a, y’]
cause a s-r conflict in X1Xrk+1
because xbd  Firstk+1y’).

Case5:  = y0(y0, X1, Y1)(yr-1, Xr, ax),
I=[(ym,A,yr)(ym,Xm+1,ym+1)(yr-1, Xr,ax),

$]
J = [(ax, a, xb) , $].

Then [A Xm+1Xr, ax$] and [B a, y’]
cause a s-r conflict in X1Xrk+1
bacause x$  Firstk+1y’).
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Lemma 6.82 Let
Xi rm

 * vi, yi  Followk(Xi), and yi-1 = k:viyi.

Then
(y0, X1, Y1)(yn-1, Xn, yn) 

rm
 * z,

where v1vnyn = y0z.

Lemma 6.83  Let
[A Xm+1Xr·Xr+1Xn, ynd]

 X1Xrk+1,

Xi rm
 * vi and yi-1 =  k:viyi, 1

in, 0 mrn.

Then
(b) [(ym, A, yn)  (ym, Xm+1, ym+1)(yr-1, Xr, yr)·

 (yr, Xr+1, yr+1)(yn-1, Xn, yn), d]
 y0(y0, X1, Y1)(yr-1, Xr, yr)1.

Moreover, if r < n and 
(yr, Xr+1, yr+1) = (ax, a, xb), then

(c) [(ax, a, xb) ·b, 1:ud] 
 y0(y0, X1, Y1)(yr-1, Xr, yr)1,
where xbu = vi+1vnyn.

Similarly,  if r < n and 
(yr, Xr+1, yr+1) =(ax, a, x), then

(d) [(ax, a, xb)  ·, $] 
 y0(y0, X1, Y1)(yr-1, Xr, yr)1.
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Proof 
(i)  By definition, v  * ..

S’  S$ * X1XmAv$  X1XmXm+1Xnv$
and k+1:v$ = ynd.

    Then
(y0,S,)*(y0,X1,y1)(ym-1,Xm,ym)(ym,A,yn)z,
(ym,A,yn)(ym,Xm+1,ym+1)(yn-1,Xn,yn)

in Tk,1(G).
    Then

S0’  S0$  y0(y0,S,)$
*y0(y0,X1,y1)(ym-1,Xm,ym)(ym,A,yn)z$ 
 y0(y0,X1,y1)(yn-1,Xn,yn)z$.

(b) is true.
(ii)  Assume that r < n, (yr, Xr+1, yr+1) = (ax, a, xb).
   Then (ax, a, xb)  b in Tk,1(G) and

Xi * vi, yi = k:vi+1vnyn Followk(Xi),

(yr+1, Xr+2, yr+2)(yn-1,Xn,yn) * u by lem6.82
where vr+2vnyn = yr+1u = xbu.

   Then by (b) and lemma 6.17, (c) is true.
(iii) in a same manner (d) is true.
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Lemma 6.84 Let G = (N, , P, S) and k  0.
If G is non-LR(k+1), then Tk, 1(G) is non-LR(1).
Proof
(i) if S +S in G, then Tk, 1(G) is ambiguous.

S +A1AmS, Ai * for all i.

thenx in Tk, 1(G),

(x,S,)+(x,A1,x)(x,Am,x)(x,S,).
By lemma6.75, Ai * implies (x,Ai,x)* for all i.
 (x, S, ) derives itself and Tk, 1(G) is ambiguous.
(ii)

[AXm+1Xr·, w’], [BXp+1Xr·, w’]
 X1Xrk+1.

then for yrd = w’, yi = k:vi+1yi+1,
[(ym, A, yr)(ym,Xm+1,ym+1)(yr -1,Xr,yr)·,d],
[(yp, A, yr)(yp,Xp+1,yp+1)(yr -1,Xr,yr)·,d],

 y0(y0, X1, y1)(yr -1,Xr,yr)k+1.
(iii)

[AXm+1Xr·,w1],[BXp+1Xr·Xr+1Xn, w2]
 X1Xrk+1, w1Firstk+1(Xr+1Xnw2).

then vi .. Xi * vi and k+1:vr+1vnw2 = w1.
   let yi = k:vi+1yi+1, then

yr = k:vr+1yi+1 = k:vr+1vr+2yr+2 
    =  = k:vr+1vnyn,
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and w1 = k+1:vr+1vnw2
 = k+1:vr+1vnynd2.

Then by lem6.83,
[(ym,A,yr)(ym,Xm+1,ym+1)(yr-1, Xr, yr)·, d1]

 y0(y0, X1, y1)(yr-1, Xr, yr)1.
If (yr, Xr+1, yr+1) = (ax, a, xb),

[(ax, a, xb) b, 1:ud2]
 y0(y0, X1, y1)(yr-1, Xr, yr)1,
xbu  vr+1vnyn.

Then w1 = k+1:vr+1vnynd2 = k+1:avr+2vnynd2
   = k+1:axbud2 = k+1:yrbud2.

 a shift-reduce conflict.
If (yr, Xr+1, yr+1) = (ax, a, x), by lem6.83, d2 = $,m

[(ax, a, x) , $] 
 y0(y0, X1, y1)(yr-1, Xr, yr)1.

yr+1 = k:vr+2vnyn = vr+2vnyn,
yr = ayr+1 = vr+1vnyn.

 d1 = $ and a reduce-reduce conflict.
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Theorem 6.85 
For any reduced grammar G = (N, , P, S) and k  0,

Tk, 1(G) is LR(1) iff G is LR(k+1).

Theorem 6.86 For k  1, any reduced grammar G,
G can be transformed into G’ ..

G’ is an equivalent grammar,
G’ right-to-right covers G, and
G’ is LR(1) iff G is LR(k).

Theorem 6.87 For any alphabet ,
the family of deterministic languages over 

coincides with
the family of SLR(1) languages over .
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	Any prefix of nontrivially derived right sentential form(not extending over the last nonterminal)...
	Proof induction on the length of p.
	i) |p| = 1. p = S Æ ghy = A’ Æ a’b’y.
	d’ = y’ = e, (g = a’, hy = b’)
	ii) |p| > 1. Assume that IH holds for p1 where p=p1r1.
	S ﬁrmp1 g1h1y1 = d1A1y1
	ﬁrmr1 d1wy1 = ghy = dAy, p=rp1.
	Then S ﬁrmp1’d1’A1’y1’
	ﬁrmr1 d1’a1’b1’y1’ = g1b1’y1’
	ﬁrmp1”g1h1y1 = d1A1y1,
	p1’r1p1" = p1, and d1’a1’ = g1.
	Note that g = d1a” where a” ¹ e or ga = d1
	a) g = d1a”, it is trivial, since
	d’ = d1, y’ = y1, p’ = p1, p" = e, r = r1.
	b) ga = d1
	S ﬁrmp1 gh1y1 = d1A1y1.
	Lemma 6.3
	S ﬁrm+ dAy. Then d is a viable prefix.
	Proof. h = e.
	Lemma 6.5 Let A Æ ab Œ P. Then
	if gA is a viable prefix of G, then so is ga.
	Lemma 6.6 If
	$Ùw$ ﬁp $ghÙy$. Then
	$Ùw$ ﬁp’$gÙz$ ﬁp"$ghÙy$, and p = p’p“.
	Proof induction on |p|.
	i) p = e, g = h = e.
	ii) p ¹ e and h ¹ e, p = p1r1.
	(1) $Ùw$ ﬁp1 $yÙay$ ﬁr1 $yaÙy$, or
	(2) $Ùw$ ﬁp1 $dwÙy$ ﬁr1 $dAÙy$.
	g is a prefix of y in (1), and a prefix of d in (2).
	Theorem 6.7
	Let G = (N, S, P, S), M be a shift-reduce parser of G.
	Any viable stack string of M is
	either S or viable prefix of G.
	Conversely, any viable prefix of G is
	a viable stack string of M,
	provided that G is reduced.
	Proof from lemma 5.17, 5.19.
	(shift-reduce parser = right parser)
	Given a grammar G = (N, S, P, S),
	Let GVP = (NVP, SVP, PVP, [S]) where
	NVP = {[A]| A Œ N},
	SVP = N » S, and
	PVP = {[A] Æ a| A Æ ab Œ P} »
	{[A]Æa[B]| A Æ aBb Œ P, B Œ N}.
	Example)
	(Gab)VP: Gab:
	[S] Æ e|a|aA|b|bB|a[A]|b[B] S Æ aA | bB
	[A] Æ e|c|d|dA|dAd|d[A] A Æ c | dAd
	[B] Æ e|c|d|dB|dBd|d[B] B Æ c | dBd
	Lemma 6.8 Let S ﬁrmndAy in G. Then
	[S] ﬁ* d[A] in GVP.
	Proof
	i)n=0: it is clear (A=S, d=y=e).
	ii) 0 £ "m < n:
	S ﬁrmmd’A’y’ ﬁrmd’aAby’ = dAby’ in G. (L6.2)
	[A’] Æ a[A] ŒPVP, since A’ÆaAbŒP
	[S] ﬁ* d’[A’] ﬁ d’a[A] = d[A] in GVP.
	Lemma 6.9 Let [S] ﬁn d[A] in GVP. Then
	S ﬁ* dAy in G.
	Proof
	i) n=0: d=e, A=S, y=e.
	ii) 0£"m<n:
	S ﬁm d’[A’] ﬁ d’a[A] = d[A] in GVP,
	A’ÆaAb Œ P, b ﬁ* xŒ S*, since [A’]Æa[A] Œ PVP.
	S ﬁ* d’A’y’ ﬁ d’aAb ﬁ* d’aAxy’ = dAy in G.
	Theorem 6.10 The grammar GVP generates the set of viable prefixes of G. And GVP is right linear.
	Proof.
	If S ﬁrm* dAy ﬁrmdaby (=gby) in G (AÆabŒP),
	[S] ﬁ* d[A] ﬁ da (=g).
	If [S] ﬁ* d[A] ﬁ da Œ V* and A Æ ab Œ P, then
	S ﬁrm* dAy ﬁrmdaby.
	Theorem 6.11 For any grammar G = (N, S, P, S), the set of all viable prefixes is a regular expres...
	viable prefices = valid stack strings
	= regular expression
	GVP is a regular grammar generating the set of viable prefixes of G.
	C0 in G is the dfa for GVP.
	6.2 Valid LR(k) Items
	Let A Æ ab Œ P. Then [A Æ a·b, y] is a k-item, if
	A Æ a·b is a position of G and y Œ Sk.
	0-item [A Æ a·b, e] º [A Æ a·b]
	A Æ a·b is core of the item,
	y is the lookahead of the item.
	A k-item [A Æ a·b, y] is LR(k)-valid (or valid) for string g(=da) Œ V* if
	S ﬁrm* dAz ﬁrmdabz (=gbz) and y = k:z$k.
	Let Rk denotes the set of whole valid LR(k) items.
	Fact 6.12 If [A Æ a·b, y] is a LR(k) valid item for string g(=da), then g is a viable prefix and
	y Œ Followk(dab) = Followk(dA) Õ Followk(A).
	Conversely, if a string g is a viable prefix, then some item is LR(k)-valid for g.
	Define ValidLR(k)G: V* Æ 2Rk.
	Let g Œ V*. Then
	Validk(g)LR(k)G =
	{[AÆa.b, x]| S ﬁrm* dAz ﬁrm dabz =gbz, x = k:z$k} Valid LR(k) items for the viable prefix g
	ValidLR(k)G º ValidLR(k) º Validk º Valid
	Validk: V* Æ 2Rk.
	Define rLR(k) Õ V* ¥ V*
	g1 is LR(k)-equivalent to g2,
	written g1 rLR(k) g2 (or g1 rk g2),
	if Validk(g1) = Validk(g2).
	The relation rk is called the LR(k)-equivalence for G.
	rk is an equivalent relation. [g]rk denotes an equivalent class of g under rk [g]rk = {d| g rk d}...
	We extend the domain of Validk from V* to 2V*:
	Validk(L) = {I Œ Rk| I Œ Validk(a), a Œ L Õ V*}
	Validk([g]k) = {I| I Œ Validk(d), d Œ [g]k}
	Since Validk(g1) = Validk(g2), if g1,g2Œ[g]k or g1 rk g2
	We may write Validk(g) to denote Validk([g]k).
	Validk(g) = Validk([g]k)
	= {I Œ Rk| I Œ Validk(d), d Œ [g]k}
	[g]k: denotes an equivalent class of
	g(viable prefices) under rk. may be infinite([g]k Õ V*) Validk(g): denotes a set of
	[AÆa.b, x](LR(k) items) under rk.
	always be finite(Validk(g) Õ Rk)
	[g1]k = [g2]k iff Validk(g1) = Validk(g2),
	bijective correspondence between
	[g]k and Validk(g).
	We may write ·gÒk instead of Validk(g)
	Is it possible that g = d implies [g, x]k = [d, y]k?
	Validk(e) = {[SÆ.aA, $k], [SÆ.bB, $k]}
	Validk(a) = {[SÆa.A, $k],[AÆ.c, $k],[AÆ.dAd, $k]}
	Validk(aA) = {[SÆaA., $k]}
	Validk(adn+1) = {[AÆd.Ad,k:dn$k],[AÆ.c,k:dn+1$k],
	[AÆ.dAd, k:dn+1$k]}
	Validk(adnc) = {[AÆc., k:dn$k]}
	Validk(adn+1A) = {[AÆdA.d, k:dn$k]}
	Validk(adn+1Ad) = {[AÆdAd., k:dn$k]}
	º
	1+ 2×(2 + 4(k+1)) = 8k + 13 (LR(k) states)
	[ad+]0 = [ad]k » º » [adk]k » [adk+1d*]k.
	[ad+]0 = [add*]0
	= [ad]1 » [addd*]1
	= [ad]2 » [add]2 » [adddd*]2
	=[ad]3» [add]3 » [addd]3 » [addddd*]3
	[ad*c]0 = [ac]k » º » [adk-1c]k » [adkcd*]k.
	[ad+A]0 = [adA]k » º » [adkA]k » [adk+1d*A]k.
	[ad+Ad]0 = [adAd]k » º » [adkd]k » [adk+1d*d]k.
	º
	[g, e]r0 denotes the an equivalent class of g,
	under r0.
	[g]r0 º [g]0 º [g] denotes an equivalent class of
	valid prefixes under LR(0) equivalence.
	Validk(·g, xÒ) denotes an equivalent class of
	[AÆa.b, x] under rk.
	Validk(g) can denotes an equivalent class of
	valid LR(k)-items under LR(k) equivalence.
	rk: V* ¥ V*, ik: I ¥ I. equivalent relation
	[g]rk: 2V*, [I]ik: 2I. equivalent class
	Validk: V* Æ 2I, or 2V* Æ 2I.
	Valid-1k: I Æ 2V*, or 2I Æ 2V*.
	Validk({[g]rk}) = Valid-1k({[I]ik})
	iff I Œ Validk(g) and/or g Œ Valid-1k(I)
	Theorem 6.13 The LR(k)-equivalence rk for G is an equivalence relation on V*, rk is a finite inde...
	One of the equivalent class under rk is
	{g| g is not a viable prefix of G}.
	Proof.
	As [g1]rk = [g2]rk iff ·g1Òrk = ·g2Òrk
	bijective correspondence: [g]rk and ·gÒrk.
	\ index of rk = number of distinct sets ·gÒrk
	At most distinct |G| item cores in G and
	|S|k + |S|k-1 + º + |S|1 + 1 £ (|S| + 1)k.
	A string g is a viable prefix iff [g]rk ¹ Æ
	\ set of non viable prefixes forms a single equivalent class under rk.
	Lemma 6.14 Let k £ l. Then
	·gÒk = {[AÆa.b, k:y]| [AÆa.b, y] Œ ·gÒl}.
	Lemma 6.15 Let k £ l. Then LR(l)-equivalence is a refinement of LR(k)-equivalence. More specifically
	[g]k = » [d]l.
	[g]k are bijective correspondence with ·gÒk .
	·gÒk: finite representation of the class [g]k.
	collection of all sets [g]k.
	finite representation of the entire LR(k) equivalence
	canonical collection of set of LR(k)-valid items for G
	canonical LR(k) collection for G: Ck.
	canonical LR(k) machine M
	(or deterministic LR(k) machine)
	M = (Ck, V, {[g]k×X Æ [g×X]k}, [e]k, Æ)
	e-free, normal-form, completely specified, and
	deterministic fa
	(1) right-invariance of the LR(k)-equivalence.
	Since dfa, if [g1]k = [g2]k, [g1×X]k = [g2×X]k.
	(2) [g]k has a unique entry symbol.
	Since [g]k×X Æ [g×X]k Œ P,
	if [g1] = [g2], g1:1 = g2:1
	[A Æ a×Bb, y] ¶LR(k) [B Æ ×w, z], z Œ Firstk(by)
	¶LR(k) º ¶k º ¶.
	I2 is an immediate LR(k)-descendant of I1, if I1 ¶ I2.
	I2 is an LR(k)-descendant of I1, if I1 ¶* I2.
	I1 is an (immediate) LR(k)-ancestor of I2,
	if I2 is an (immediate) LR(k)-descendant of I1.
	[B Æ ×w, z] is immediate LR(k)-descendant of
	[A Æ a×Bb, y], if z Œ Firstk(by)
	·gÒkn = {[AÆa×b, y]|
	S ﬁrmndAz ﬁrmdabz (=gbz), y = k:z}
	Fact 6.16 ·gÒk = »n=0• ·gÒkn = ·gÒk*
	Lemma 6.17 If
	[A Æ a×Bb, y] Œ ·gÒkn and b ﬁm v Œ S*. Then
	[B Æ ×w, k:vy] Œ ·gÒkn+m+1(g).
	Lemma 6.18 ·gÒk is closed under ¶k, i.e.,
	¶k*(·gÒk) = ·gÒk.
	Lemma 6.19 If
	[B Æ ×w, z] Œ ·gÒkn and n > 0. Then
	[AÆa×Bb, y] Œ ·gÒkm, b ﬁn-m-1 v, k:vy = z.
	Fact 6.20 ·gÒk0 = {[S Æ g×w, e]| SÆgw Œ P}
	[A Æ a×b] is LR-essential (or essential), if a ¹ e
	inessential, otherwise.
	EssLR(q) = {I Œ q| I is LR-essential}.
	Lemma 6.21 Let I Œ ·gÒkn, k, n ³ 0.
	(1) n = 0, g = e, I = [S Æ ×w, e].
	(2) g ¹ e and I is essential.
	(3) n >0, I is inessential
	and $J, J ¶k I, J Œ ·gÒkm, m < n.
	Lemma 6.22
	·eÒkn Õ ¶k*({S Æ ×w, e]| S Æ w Œ P})
	·gÒkn Õ ¶k*(Ess(·gÒk)), if g ¹ e.
	Lemma 6.23 (F.6.16, L6.18, and L6.22)
	·eÒk = ¶k*({[S Æ ×w, e]| S Æ w Œ P})
	·gÒk = ¶k*(Ess(·gÒk)), if g ¹ e.
	ckX: relation on set of LR(k) items.
	[A Æ a×Xb, y] ckX [A Æ aX×b, y],
	pass-X, or cX for short
	BasisLR(q, X) = {[A Æ aX×b, y]| [A Æ a×Xb, y]Œq}
	º ckX(q).
	dkX: relation on set of LR(k) items.
	GotoLR(q, X) = ¶k*(BasisLR(q, X)) = ¶k*(ckX(q))
	= ckX×¶k* º dkX(q).
	X-successor, dkX for short
	Fact 6.24
	If [A Æ a×wb, y] Œ ·gÒkn, [A Æ aw.b, y] Œ ·gwÒkn.
	If [A Æ aw×b, y] Œ ·gÒkn. [A Æ a×wb, y]Œ·dÒkn, g=dw.
	Lemma 6.25 Ess(·gXÒk) = Basis(·gÒk, X)
	Ess(·gXÒk) = ckX(·gÒk).
	Lemma 6.26 ·gXÒk = Goto(·gÒk, X))
	·gXÒk = ¶k*(ckX(·gÒk)) = dkX(·gÒk).
	dke(q) = ¶k*(q)
	dkg×X(q) = ¶k*(ckX(dkg(q))), g ¹ e.
	\ dkg(qs) = dkX1(dkX2( º (dkXn(dke(qs))) º ))
	= ¶k*(ckX1(¶k*(ckX2( º (¶k*(ckXn(¶k*(qs))) º )))).
	[e]k = dke(qs) = ¶k*({S’ Æ .S, $k]})
	[X]k = ¶k*(ckX([e]k))
	[gX]k = ¶k*(ckX([g]k))
	Algorithm Compute M = (Ck, V, P, qs, Æ)
	qs := ¶k*([S’ Æ .S, $k]);
	Ck := {qs};
	P := Æ;
	repeat
	for q Œ Ck and X Œ V do
	p := ¶k*(ckX(q));
	Ck := Ck » {p};
	P := P » {q×X Æ p}
	od
	until nothing is added to Ck.
	Lemma 6.27 Let M = (QM, V, PM, qs, F) be a canonical LR(k) machine for G = (V, S, P, S). Then
	(a) M is deterministic.
	(b) q Œ QM, Goto(p, X) = q, unique X.
	(c) qsÙg ﬁ* FqÙ, iff q = ·gÒk.
	(d) If F = {·gÒk} for some g, LM = [g]k.
	(e) If F = {·gÒk| ·gÒk ¹ Æ},
	LM = Set of viable prefixes of X.
	(f) If F = {·gÒk} for all g, LM = V*.
	Proof
	Assume ·g1Òk×X Æ ·g1XÒk, and
	·g2Òk×X Æ ·g2XÒk.
	where ·g1Òk = ·g2Òk.
	Then ·g1XÒk = Goto(·g1Òk, X)
	= Goto(·g1Òk, X) = ·g2XÒk.
	\ ·g1XÒk = ·g2XÒk. \ M is deterministic.(a)
	Assume ·g1Òk×X1 Æ ·gÒk, and ·g2Òk×X1 Æ ·gÒk. Then
	·gÒk = ·g1X1Òk = ¶k*(Basis(·g1Òk, X1)),
	= ·g2X2Òk = ¶k*(Basis(·g2Òk, X2)).
	\ Basis(·g1Òk, X1) = Basis(·g2Òk, X2) ¹ Æ.
	\ X1 = X2.(b)
	[e]k×g1g2 ﬁ* [g1]kg2 in M.
	Since M is deterministic, [g]k is the only state.(c)
	Theorem 6.28
	(a) The LR(k) equivalence of G is the equivalence induced by the canonical LR(k) machine of G.
	[g1]rk = [g2]rk,
	iff qsÙg1 ﬁ* qsºqÙ and qsÙg2 ﬁ* qsºqÙ .
	(b) The LR(k) equivalence of G is right invariance.
	If [g1]rk = [g2]rk, [g1×X]rk = [g2×X]rk.
	(c) The LR(k) equivalence of G is ends with same symbols.
	If [g1]rk = [g2]rk, g1:1 = g2:1.
	[g]k = dMg(qs) = dMg([e]k) ?= (¶k*ckg)*(¶k*([e]k)).
	[e]k = ¶k*([S’ Æ .S, $k]).
	[g×X]k = ¶k*(ckX([g]k)).
	º dkX([g]k).
	\ [g]k = dkg([e]k).
	dke(q) = {q}.
	dkg×X(q) = ¶k*(ckX(dkg(q))).
	[e]k = ¶k*([S’ Æ .S, $k]).
	[g×X]k = dkX(dkg(q)).
	6.3 Canonical LR(k) Parser
	Let G = (N, S, P, S). The canonical LR(k) parser for G is a pushdown transducer M = ([G]k, S, G, ...
	[G]k = {[d]k| d Œ V*}
	G = {[d]k[dX1]kº[dX1ºXn]kÙy Æ [d]k[dA]kÙy
	| [A Æ X1ºXn·, y] Œ ·dX1ºXnÒk} (ra)
	» {[d]kÙay Æ [d]k[da]kÙy
	| a Œ S, [A Æ a·ab, z] Œ ·dÒk,
	y Œ Firstmax{k-1, 0}(bz)} (sa)
	t([d]k[dX1]kº[dX1ºXn]kÙy Æ [d]k[dA]kÙy)
	= A Æ X1ºXn,
	t([d]kÙay Æ [d]k[da]kÙy) = e.
	[B Æ a·Ab, x] Œ ·dÒk [BÆaA·b,x] Œ ·dAÒk
	[A Æ ·X1ºXn, y] Œ ·dÒk
	[A Æ X1·X2ºXn, y] Œ ·dX1Òk
	º
	[A Æ X1ºXn·, y] Œ ·dX1ºXnÒk
	Canonical LR(k) Parser
	right parser
	LR(k) parser ¤ right parser
	T6.34 (T5.21: s/r par., T5.65: simple-prec. par)
	LR(k) parser ﬁ right parser
	L6.29, L6.30 (L5.17, 5.18 and L5.60, L5.61)
	homomorphism h:
	action in LR(k) parser
	Æ action in shift-reduce parser
	h([d]k[dX1]kº[dX1ºXn]kÙy Æ [d]k[dA]kÙy)
	= X1 º XnÙ Æ AÙ,
	h([d]kÙa Æ [d]k[da]kÙ) = Ùa Æ aÙ.
	Furthermore, h:
	configuration in LR(k) parser
	Æ configuration in shift-reduce parser
	h([e]k[X1]k º [X1ºXn]kÙw$k) = $X1 º XnÙw$k.
	\ [e]k[X1]k º [X1ºXn]kÙx$k
	ﬁq [e]k[Y1]k º [Y1ºYm]kÙy$k implies
	$X1 º XnÙx$k ﬁh(q) $Y1 º YmÙy$k.
	LR(k) parser ‹ right parser
	L6.31, L6.32, L6.33
	(L5.19, 5.20 and L5.63, L5.64)
	Lemma 6.29 Let M be a LR(k) parser for G. If
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁq [e]k[X1]k º [X1ºXm]kÙy$, q Œ G* in M, then
	X1ºXm ﬁrmt(q)R Y1ºYnx in G,
	and |q| = |t(q)| + |x|.
	Proof Induction on the length of action string q.
	i) q = e. x = e, Y1ºYn = X1ºXm, and t(e) = e.
	ii) q = rq’.
	ii.1) r is reduce by A Æ YpºYn, 1 £ p £ n.
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁr [e]k[Y1]k º [Y1ºYp-1]k[Y1ºYp-1A]kÙxy$k
	ﬁq’ [e]k[X1]k º [X1ºXm]kÙy$k.
	X1ºXm ﬁrmt(q’)R Y1 º Yp-1Ax ﬁrmAÆw Y1 º Ynx, and
	|q’| = |t(q’)| + |x|.
	\ X1ºXm ﬁrm(t(q’)·AÆw)R Y1 º Ynx, and
	|q| = 1+|q’| = 1+|t(q’)| + |x| = |t(q)| + |x|.
	ii.2) r = [d]kÙa Æ [d]k[da]kÙŒ G,
	[e]k[Y1]k º [Y1ºYn]kÙxy$
	= [e]k[Y1]k º [Y1ºYn]kÙax’y$
	ﬁr [e]k[Y1]k º [Y1ºYn]k[Y1ºYna]kÙx’y$
	ﬁq’ [e]k[X1]k º [X1ºXm]kÙy$
	and |q’| = |t(q’)| + |x’|.
	X1 º Xmax’y ﬁrmt(q’)R Y1 º Ynax’y
	\ d ﬁrmt(q’)·e gx in G, and
	|q| = 1+|q’| = |t(q’)| + 1+|x’| = |t(q)| + |x|
	Lemma 6.30 Let M be a canonical LR(k) parser for G. Then
	(1) L(M) Õ L(G),
	(2) "q: actions in M, t(q) is a right parse of w,
	(3) TimeG(w) £ TimeM(w) - |w|.
	Lemma 6.31 Let M be a LR(k) parser.
	If [A Æ a×b, z] Œ ·ga1ºanÒk and k:y$k Œ Firstk(bz),
	then [e]kº[g]kÙa1ºany$k
	ﬁq [e]kº[g]k[ga1]kº[ga1ºan]kÙy$k
	where q is a sequence of shift actions.
	valid k-item ﬁ valid stack string
	Proof
	S’ ﬁ* dAz’ ﬁ dabz’ = ga1ºanbz’, and
	k:z’ = z. "i, 1 £ i £ n,
	(i) if a = a’aiºan,
	[A Æ a’aiºan×b, z] Œ [ga1ºai-1]k
	(ii) if d = ga1ºaj-1Az’. By lemma 6.2,
	S’ ﬁ+ d’A’y’ ﬁ d’a”aib’y’ = ga1ºaib’y’, and
	b’y’ ﬁ* ai+1ºaj-1Az’.
	\ [A’ Æ a”×aib, k:y’] Œ ·ga1ºai-1Òk ,
	and b’y’ ﬁ* ai+1ºaj-1Az’
	ﬁ* ai+1ºanbz’.
	Lemma 6.32 Let M be a LR(k) parser.
	If X1ºXm ﬁrmpR Y1ºYnx in G,
	[A Æ a·b, z] Œ ·X1ºXmÒk,
	k:y$k Œ Firstk(bz), and
	either Y1ºYn = e or Yn Œ N.
	Then t(q) = p, |q| = |p| + |x|, and
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁq [e]k[X1]k º [X1ºXm]kÙy$k, q Œ G* in M.
	Proof Induction on |p|.
	i) p = e. X1ºXm = Y1ºYnx.
	[e]k[Y1]k º [Y1ºYn]kÙxy$k
	ﬁq [e]k[Y1]k º [Y1ºYn]k [Y1ºYn1:x]k º
	[Y1ºYnx]kÙy$,
	q is a |x|-length shift action string(L6.31)
	|q| = |x|, t(q) = p = e.
	ii) p = BÆw×p1.
	X1ºXm ﬁrmp1R Z1ºZpBx1
	ﬁrmr Z1ºZpwx1 = Y1ºYnx in G.
	where x = vx1.
	$q1 .'. t(q1) = e1, |q1|=|p1|+|x1|, and
	[e][Z1]º[Z1ºZp][Z1ºZpB]Ùx1y$
	ﬁq1 [e][X1]º[X1ºXm]Ùy$ .
	And because [A Æa·b, z] Œ ·X1ºXmÒk
	$d, z’ .'.
	S¢ ﬁrm *dAz’ ﬁrm dabz’ = X1ºXmbz’
	ﬁrm X1ºXmuz’ in G’,
	and k:z’ = z, k:uz = k:y$.
	\ S¢ ﬁrm * Z1ºZpB1uz’ ﬁrm Z1ºZpwx1uz’ in G’.
	Here k:x1uz’ = k:x1uz = k:x1y$, so
	[BÆw×, k:x1y$] Œ ·Z1ºZpwÒk.
	Then [e][Y1]º[Y1ºYn]Ùxy$
	= [e][Y1]º[Y1ºYn]Ùvx1y$
	ﬁrmq2 [e][Y1]º[Y1ºYnv]Ùx1y$
	= [e][Z1]º[Z1ºZp]º[Z1ºZpw]Ùx1y$ in M,
	for some |v|-length shift action string q2.
	Then $an action r’ .'.
	r’ = [Z1ºZp]º[Z1ºZpw]Ùy’ Æ
	[Z1ºZp]º[Z1ºZpB]Ùy’,
	where y’ = k:x1y$.
	\ [e][Y1]º[Y1ºYn]Ùxy$
	ﬁrmq1 [e][X1]º[X1ºXm]Ùy$ in M,
	where q = q2r’q1.
	And t(q) = t(q2)t(r’)t(q1) = rp1 = p,
	|q|=|p|+|x|.
	Lemma 6.33 Let M be a canonical LR(k) parser for G. Then
	(1) L(G) Õ L(M),
	(2) "p: right parse of w in G, t(q) = p in M,
	(3) TimeG(w) £ TimeM(w) + |w|.
	Proof
	Y1ºYm = e, X1ºXm = S,
	[A Æ a·b, z] = [S’ Æ ·S, $1], y = e.
	Theorem 6.34 Let M be a canonical LR(k) parser for G. Then
	(1) M is a right parser for G.
	(2) "wŒL(G), M produces all right parses of w.
	(3) TimeM(w) = TimeG(w) + |w|.
	6.4 LR(k) Grammar
	G is LR(k) grammar if its canonical LR(k) parser
	is deterministic and S ﬁ\+S in G.
	Theorem 6.35 Any LR(k) grammar is unambiguous.
	“reduce-reduce conflicts”
	[A1 Æ w1×, y1], [A2 Æ w2×, y2],
	if y1 = y2, A1 Æ w1 ¹ A2 Æ w2.
	“shift-reduce conflicts”
	[A Æ a×ab, z], [B Æ w×, y]
	if y Œ Firstk(abz).
	Lemma 6.36 Let M be the CLR(k) parser for G.
	Then M is nondeterministic iff
	$a state which contains a pair of items exhibiting
	a reduce-reduce or shift-reduce conflict.
	Proof
	(‹) I1, I2 Œ ·gÒk, and either
	(i) I1 = [A Æ X1...Xn×, y], I2 = [B Æ Y1...Ym×, y], or
	(ii) I1 = [A Æ X1...Xn×ab, z], I2 = [B Æ Y1...Ym×, y],
	y Œ Firstk(abz).
	Assume m £ n, then for [d][dX1]...[dX1...Xn]|y,
	(i) [d][dX1]...[dX1...Xn]|y Æ [d][dA]|y and
	[dX1...Xi-1][dX1...Xi]...[dX1...Xn]|y
	Æ [dX1...Xi-1][dX1...Xi-1B]|y in M,
	Y1...Ym = Xi...Xn(i=n-m+1; L6.24)
	(ii) [dX1...Xn]|ay’ Æ [dX1...Xn][dX1...Xna]|y’
	[dX1...Xi-1][dX1...Xi]...[dX1...Xn]|y
	Æ [dX1...Xi-1][dX1...Xi-1B]|y, k:ay’ = y in M.
	\ parser is nondeterministic.
	(ﬁ) let r1, r2 are conflicting actions in [g] of M, then
	(i) (r1) [g]|ay Æ [g][ga]|y,
	(r2) [g]|ayv Æ [g][ga]|yv,
	where [A1 Æ a1×ab1, z1], [A2 Æ a2×ab2, z2] Œ ·gÒk,
	yŒ Firstmax{k-1, 0}(b1z1), yvŒ Firstmax{k-1, 0}(b2z2).
	Here b1, b2 ﬁ\* x$, and if y ¹ yv, then y:1 = $,
	\ v = e. \ no shift-shift conflict.
	(ii) (r1) [d]...[dX1...Xn]|y Æ [d][dA]|y,
	(r2) [g]...[gY1...Ym]|y Æ [g][gB]|y,
	then [dX1...Xn] = [gY1...Ym], and
	[A Æ X1...Xn×, y] Œ ·dX1...XnÒk, and
	[B Æ Y1...Ym×, y] Œ ·gY1...YmÒk,
	\ reduce-reduce conflict.
	Lemma 6.37 ·gÒk contains a pair of items exibiting a reduce-reduce conflict iff
	(a) S’ ﬁ* d1A1y1 ﬁ d1w1y1 = gy1,
	(b) S’ ﬁ* d2A2y2 ﬁ d2w2y2 = gy2,
	(c) k:y1 = k:y2, and
	(d) A1Æw1 ¹ A2Æw2
	hold in G’.
	Proof [AÆw1., k:y1], [AÆw2., k:y2] Œ ·gÒk.
	Lemma 6.38 ·gÒk contains a pair of items exibiting a shift-reduce conflict iff
	(a) S’ ﬁ* d1A1y1 ﬁ d1w1y1 = gy1,
	(b) S’ ﬁ* d2A2y2 ﬁ d2w2y2 = gvy2,
	(c) k:y1 = k:vy2, v ¹ e
	hold in G’.
	Proof
	(‹) [A Æa·ab, z] and [B Æ w·, y] are in ·gÒk.
	(ﬁ) w2 = av, [A2 Æa·v, k:y2], or
	v = azw2, S’ ﬁ* d2A2y2 = gazA2y2.
	By lemma 6.2, $A¢ Æ a²·ab¢Œ P,
	[A¢ Æ a²·ab¢, k:y¢] Œ ·gÒk.
	ab¢y¢ ﬁ* azA2y2 ﬁ azw2y2 = vy2.
	By (c) , there exists a shift reduce conflict.
	Lemma 6.39 The following statements are logically equivalent for all G and k ³ 0.
	(a) The canonical LR(k) parser of G is deterministic.
	(b) In the canonical LR(k) machine of the $-augmented grammar G’ no states contains a pair of ite...
	(c) The conditions
	S’ ﬁ* d1A1y1 ﬁ d1w1y1 = gy1,
	S’ ﬁ* d2A2y2 ﬁ d2w2y2 = gvy2,
	and k:y1 = k:vy2, v ¹ e
	always implies that
	d1 = d2, A1 = A2, and w1 = w2.
	Theorem 6.40 For all k ³ 0, the class of LR(k) grammars is properly contained in the class of LR(...
	Proposition 6.41 Any pushdown automaton M with input alphabet S can be transformed into an equiva...
	LR(k) languages = LR(1) languages
	deterministic languages = LR(1) languages
	Lemma6.42 Let G be LR(k) grammar and M be a LR(k) parser for G.
	Further let x, y Œ S* and
	y Œ [G’]* .'. [e] | xy$ ﬁ* y | y$.
	If "y’ .'. the condition xy’ Œ L(G), k:y ¹ k:y’,
	then y|y$ is an error configuration.
	Proof by contradiction
	y = [e][X1]...[X1...Xn], X1...Xn ﬁ*x.
	If y|y$ were not an error configuration, then
	[A Æ a×b, z] Œ ·X1...XnÒk,
	k:y$ Œ Firstk(bz).
	S’ ﬁ* dAz’$ ﬁ dabz’$ = X1...Xnbz’$,
	k:z’$ = z, b ﬁ* v, then k:y$ = k:vz = k:vz’ = k:y’,
	and xvz’ Œ L(G), a contradiction.
	Lemma6.43 Let G be a LR(k) grammar and M be a LR(k) parser for G, k ³ 1.
	Then M detects an error in any input string in S*\L(G).
	Proof
	(i) k:w ¹ k:w’, for all w’ Œ L(G), by lemma 6.42.
	(ii) k:w = k:w’ for some w’ Œ L(G).
	Then $ x, y, y’ .'.
	(a) w = xy,
	(b) k:y = k:y’ and xy’ Œ L(G).
	(c) "y² Œ S*, xy² Œ L(G) implies k+1:y ¹ k+1:y².
	Let y = ay1, y’ = ay1’, and there exist y, y’ .'.
	[e]|xay1’$ ﬁ y|ay1’$ ﬁ y’|y1’$ in M.
	Then
	[A Æ a·ab, z] Œ ·X1...XnÒk
	if y=[e]...[X1...Xn], where k:ay1’ Œ First(abz).
	By lemma 6.32,
	[e]|xay1$ ﬁ* [e][X1]...[X1...Xn]|ay1$
	= y|ay1$ ﬁ* y’|y1$.
	By (c), xay"1Œ L(G) always implies k:y1 ¹ k:y"1.
	\ By lemma 6.42, y|y1$ is an error configuration.
	The parser loops forever when
	(1) S Æ S|a : LR(0) parser is deterministic,
	(2) S Æ ak+1|ASbk, A Æ e : not LR(k).
	Theorem6.44 Let k ³ 0. Then M deos not loop forever on any input string.
	Proof Assume that M loops forever for w = xy Œ S*.
	Then $ yi , ri .'.
	[e]|w$ ﬁ* y1|y$,
	yi|y$ ﬁri yi+1|y$ in M " i ³ 1.
	Let yi = [e]...[gi], g1 ﬁ* x, gi+1 ﬁrm gi.
	Let ri be reduce action by Ai Æ wi and
	[Ai Æ wi., k:zi$] Œ ·g1Ò "i.
	[e]|xzi$ ﬁ* y1|zi$ ﬁ y2|zi$,
	and more generally,
	yi|zi$ ﬁrn yn+1|zi$.
	M loops forever on all xzi, i ³ 1.
	But zi = e because xzi Œ L(M) " i and
	M is deterministic. Then
	S ﬁ* dn+1An+1 ﬁ dn+1wn+1 = gn+1 ﬁn g1 ﬁ* x.
	G is ambiguous, a contradiction.
	6.5 LALR(k) parsing
	Theorem 6.45 The size of the canonical LR(k) parser for grammar G is O(2|S|k|G| + klog|S|+log|G|).
	Proof
	2(|S|+1)k|G’| : # of distinct LR(k)-equivalent classes.
	2(|S|+1)k|G’| ·|G| ·(|S|+1)k
	: sum of the lengths of all reduce actions
	Whether does the grammar exist with this upper bound?
	k=0
	Proposition 6.46 For each n ³ 0, let Gn =({A0, A1, º, An}, {0, 1, a, a0, a1, º, an}, P, A0) where...
	Ai Æ 1Ai+1ai , 0 £ i £ n-1
	An Æ 1A0an,
	Ai Æ 0Aiai , 1 £ i £ n
	Ai Æ 0A0ai , 1 £ i £ n
	A0 Æ a.
	Then the size of the canonical LR(0) collection for Gn is at least 2c|Gn| for all n ³ 0, c > 0.
	Let G = (N, S, P, S) be a cfg. Then a rule automaton,
	M = (Q, N»S, R, ·S’, eÒ, Q)
	Q = {·A, aÒ| A Æ ab Œ P} » {·S’, eÒ, ·S’, SÒ}
	R = {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, eÒ| S Æ Bb Œ P}
	» {·A, aÒX Æ ·A, aXÒ| A Æ aXb Œ P}
	» {·A, aÒ Æ ·B, eÒ| A Æ aBb Œ P}
	M is a dfa but e-moves.
	M’ = (K, N»S, R, ·S’, eÒ, K)
	K = {·A, aÒ| A Æ ab Œ P, a ¹ e} » {·S’, eÒ, ·S’, SÒ}
	R’= {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, XÒ| S Æ Bb Œ P, B Æ Xg Œ P}
	» {·A, aÒX Æ ·A, aXÒ| A Æ aXb Œ P, a ¹ e}
	» {·A, aÒX Æ ·B, XÒ| A Æ aBb Œ P, a ¹ e,
	B Æ Xg Œ P}
	|K| = |Q| - |N|
	R’= {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, XÒ| S Æ Bb Œ P, B Æ Xg Œ P}
	» {·A, aÒa Æ ·A, aaÒ| A Æ aab Œ P, a ¹ e}
	» {·A, aÒB Æ ·A, aBÒ, ·A, aÒX Æ ·B, XÒ
	| A Æ aBb Œ P, a ¹ e, B Æ Xg Œ P}
	Let G = (N, S, P, S) be a cfg. Then LR(k) automaton,
	Mk = (Q, N»S, R, ·S’, e, $kÒ, Q)
	Q={·A, a, xÒ| A Æ ab Œ P, x Œ Followk(A)}
	» {·S’, e, $kÒ, ·S’, S, $kÒ}
	R = {·S’, e, $kÒS Æ ·S’, S, $kÒ}
	» {·S’, e, $kÒ Æ ·B, e, yÒ|
	S Æ Bb Œ P, y Œ Firstk(b$k)}
	» {·A, a, xÒX Æ ·A, aX, xÒ| A Æ aXb Œ P}
	» {·A, a, xÒ Æ ·B, e, yÒ|
	A Æ aBb Œ P, y Œ Firstk(bx)}
	M is a dfa but e-moves.
	M’ = (K, N»S, R, ·S’, e, $kÒ, K)
	K = {·A, a, xÒ| A Æ ab Œ P, a ¹ e, x Œ Followk(A)}
	» {·S’, e, $kÒ, ·S’, S, $kÒ}
	R’= {·S’, e, $kÒS Æ ·S’, S, $kÒ}
	» {·S’, e, $kÒ Æ ·B, X, yÒ|
	S Æ Bb Œ P, B Æ Xg Œ P, y Œ Firstk(b$k)}
	» {·A, a, xÒX Æ ·A, aX, xÒ| A Æ aXb Œ P, a ¹ e}
	» {·A, a, xÒX Æ ·B, X, yÒ| A Æ aBb Œ P, a ¹ e,
	B Æ Xg Œ P, y Œ Firstk(bx)}
	|K| = |Q| - |N|
	R’= {·S’, eÒS Æ ·S’, SÒ}
	» {·S’, eÒ Æ ·B, XÒ| S Æ Bb Œ P, B Æ Xg Œ P}
	» {·A, aÒa Æ ·A, aaÒ| A Æ aab Œ P, a ¹ e}
	» {·A, aÒB Æ ·A, aBÒ, ·A, aÒX Æ ·B, XÒ
	| A Æ aBb Œ P, a ¹ e, B Æ Xg Œ P}
	Gabe: S Æ aA|bB, A Æ e|cAd, B Æ e|cBd
	the partition of the LR(0)-equivalent classes into LR(k) equivalent classes are:
	[]0 = []k
	[S]0 = [S]k
	[a]0 = [a]k
	[a]0 = [a]k
	[aA]0 = [aA]k
	[ac+]0 = [ac]k ë»... ë» [ack]k ë» [ackc+]k
	[ac+A]0 = [acA]k ë»... ë» [ackA]k ë» [ackc+A]k
	[ac+Ad]0 =[acAd]kë»...ë» [ackAd]kë» [ackc+Ad]k
	[b]0 = [b]k
	[bB]0 = [bB]k
	[bc+]0 = [bc]k ë»... ë» [bck]k ë» [bdckc+]k
	[bc+B]0 = [bc]kë» ... ë» [bck]k ë» [bdckc+]k
	[bc+Bd]0 = [bcd]k » ... » [bckd]k » [bdckc+d]k
	6k + 12 linear in k
	Theorem 6.47
	Let q be the state of LALR(k) machine for G, and q is accessible upon reading string d.
	Then d is a viable prefix of G, and
	$g Œ V*.'. "I Œ q, I Œ ·gÒk, where g r0 d.
	Conversely,
	If I Œ ·gÒk,
	Then $q s.t. I Œ q and
	q is accessible upon reading any viable prefix d
	.'. d r0 g.
	LR(k) states: ·[g]kÒk = ·gÒk ´ [g]k
	= {[A Æ a.b, x] Œ ·dÒk| d Œ [g]k}
	LR(0) states: ·[g]0Ò0 = ·gÒk ´ [g]0
	= {[A Æ a.b] Œ ·dÒ0| d Œ [g]0}
	LALR(k) states: ·[g]0Òk = ·gÒk, 0 ´ [g]0
	= {[A Æ a.b, x] Œ ·dÒk| d Œ [g]0}
	Since [g]k Õ [g]0,
	·gÒk Õ ·gÒk, 0,
	core(·gÒk) = core(·gÒk, 0) = core(·gÒ0)
	Let G = (N, S, P, S). The LALR(k) parser for G is a pushdown transducer M = ([G]0, S, G, P, t, [e...
	G = {[d]0[dX1]0º[dX1ºXn]0Ùy Æ [d]0[dA]0Ùy
	| [A Æ X1ºXn·, y] Œ ·[dX1ºXn]0Òk,)
	(ra)
	» {[d]0Ùay Æ [d]0[da]0Ùy
	| a Œ S, [A Æ a·ab, z] Œ ·[g]0Òk,
	y Œ Firstmax{k-1, 0}(bz)} (sa)
	Theorem 6.48 The size of LALR(k) parser for G is
	O(2|G| + klog|S| + log|G|).
	Correctness of LALR(k) parser as a right parser.
	L6.49: right parser ﬁ LALR(k) parser
	LR(0) parser(L6.29)
	L6.50: LALR(k) parser ﬁ right parser
	LR(k) parser(L6.32)
	Theorem 6.51 For the LALR(k) parser M for G,
	(1) M is a right parser for G
	(2) "w Œ L(G), M produces all right parses of w
	in G
	(3) TIMEG(w) = TIMEM(w) + |w|.
	making LALR(k) parser
	from LR(k) parser ﬁ uniting all states with the
	same set of item cores
	from LR(0) parser ﬁ add suitable k-length
	lookahead strings to 0-items
	LALR(k) lookahead set is sufficient and minimal
	Theorem 6.52
	Let [A Æ a·b, z] Œ q. Then $x, y and X1...Xm .'.
	[e]|xy ﬁ* [e][X1]...[X1...Xm]|y$ in M,
	where the set of cores in ·X1...XmÒ0 is same as in q and k:y$ = Firstk(bz).
	In CLR(k) parser
	every item [AÆ a·b, z] in any state q
	can be "used" in the parsing of
	all terminal strings of the form xy,
	where k:y Œ Firstk(bz) and q = ·$gÒ0.
	sentence LALR(k) is same as LR(k)
	no sentence additional reduce actions
	in LALR(k)
	Immediate Error Detection Property in LR(k)
	reduce stack for error recovery in LALR(k)
	G = (N, S, P, S) is LALR(k) if
	its LALR(k) parser is deterministic and
	S ﬁ+ S is impossible in G.
	A language over alphabet S is LALR(k) if
	it is generated by an LALR(k) grammar.
	Theorem 6.53 (Characterization of LALR(k) Grammars)Let G’ be a augmented grammar.
	The LALR(k) parser of G is deterministic iff
	in the LALR(k) machine of G’
	no state contains a pair of items
	exibiting a reduce-reduce or
	a shift-reduce conflict.
	Theorem 6.54 The class of LALR(0) grammars coinsides with the class of LR(0) grammars. For k ³ 1 ...
	Proof
	(i) LALR(k) Õ LR(k):
	uniting of states in CLR(k) machine
	can only increase # of reduce-reduce conflicts.
	(ii) LALR(k) ¹ LR(k)
	counter example:
	S Æ aAa|bAb|aBb|bBa,
	A Æ c,
	B Æ c.
	This grammar is LR(1)
	but not LALR(k) for any k.
	Gerneralize the LALR concepts:
	LA(k)LR(l) machine
	Æ unite q1 and q2
	whenever the truncating of the k-length
	lookahead strings to length l £ k,
	yields the same set of l-items.
	· unite q1, q2 if Truncl(q1) = Truncl(q2),
	Truncl(q) = {[A Æ a·b, l:y]|[A Æ a·b, y] Œq}
	Fact 6.55
	The LA(k)LR(k) machine is same to LR(k) machine. The LA(k)LR(0) machine
	is same to LALR(k) machine.
	Theorem 6.56 Let q be a state in LA(k)LR(l) machine accessible upon reading string d.
	Then d is a viable prefix of G, and
	$g Œ V* .'. "I Œ q, I Œ ·gÒk, where d rl g.
	Conversely,
	If I Œ ·gÒk.
	then $q s.t. I Œ q and
	q is accessible upon reading any viable prefix d
	.'. g rl d.
	States in LA(k)LR(l) machine
	·[g]lÒk ´ [g]l
	6.6. SLR(k) Parsing
	SLR(k) stands for Simple LR(k).
	adding k-lookaheads in a crude, simple way.
	seldom minimal lookaheads.
	SLR(k) parser for G is the pushdown transducer M = ([G]0, S, G, P, t, [e]0, {[e]0[S]0}, $,Ù) where
	G = {[d]0[dX1]0º[dX1ºXn]0Ùy Æ [d]0[dA]0Ùy
	| [A Æ X1ºXn·] Œ [dX1ºXn]0 and
	y Œ Followk(A)} (ra)
	» {[d]0Ùay Æ [d]0[da]0Ùy
	| a Œ S, [A Æ a·ab] Œ [d]0,
	y Œ Firstmax{k-1, 0}(bFollowk(A))} (sa)
	Theorem 6.57
	The SLR(k) parser M for G is a right parser for G. Moreover, "w Œ L(G),
	M produces all right parses of w in G, and
	TIMEG(w) = TIMEM(w) + |w|.
	Theorem 6.58 (Characterization of SLR(k) Grammars) The SLR(k) parser of G is deterministic iff fo...
	(1) Whenever [A1 Æ w1·], [A2 Æ w2·] Œ q, then
	Followk(A1) « Followk(A2) = Æ.
	(2) Whenever [A Æ a·ab], [B Æ w·] Œ q, then
	Firstk(abFollowk(A)) « Followk(B) = Æ.
	Theorem 6.59
	The class of SLR(0) grammars
	coinsides with the class of LR(0) grammars.
	For k ³ 1,
	the class of SLR(k) grammars is properly
	contained in the class of LALR(k) grammars.
	(eg) S Æ Ac|bA|bc,
	A Æ e
	Time to test SLR(k) property for G: polynomial to |G|
	Transformation of G into Tk(G),
	which is SLR(k) if and only if G is LR(k).
	Idea : replace A by ([g]k, A)…
	G = (N, S,S, P)
	Tk(G) = ([G]k¥ N, S, ([e]k, S), Pˆ), where
	Pˆ = {([g]k, A) Æ U1…Um
	| [BÆb1×Ab2, y]k Œ ·gÒk, A Æ X1…Xm Œ P,
	1£"i£m Ui = ([gX1ºXi-1]k, Xi) if Xi Œ N,
	= Xi if Xi Œ S » {$}.
	([g]k, A) is a useful nonterminal inTk(G), iff
	[g]k Œ [G]k, A Œ N, and [B Æ a.Ab] Œ [g]k.
	S ﬁrm* gAy
	([e]k, S) ﬁrm* F([g]k, A)y
	Followk(([g]k, A)) = {k:y| S ﬁrm* gAy}
	Tk(G) right-to-right covers G
	º right parses in Tk(G) are mapped into
	right parses in G by a homomorphism h.
	Furthermore,
	Tk(G) is structurally equivalent to G.
	º parse trees in Tk(G) and G have same structure
	parse trees are same except for
	the labeling of the nonterminal nodes.
	parse trees are isomorphic
	Cover relations between Grammars
	Let x, y Œ {"left", "right"}. Then
	an x-to-y cover of G is a pair (Gˆ, h) where
	Gˆ = (Nˆ, S, Pˆ, Sˆ) and h: Pˆ* Æ P* .'.
	i) "w Œ L(Gˆ) and x-parses pˆ of w in Gˆ,
	h(pˆ) is a y-parse of w in G.
	ii) "w Œ L(G) and y-parses p of w in G,
	$pˆ Œ Pˆ*, pˆ is a x-parse of w in Gˆ and h(pˆ)= p.
	h maps x-parses of Gˆ into y-parses of G
	If $h, (Gˆ, h) is x-to-y covers of G,
	Gˆ x-to-y covers G with respect to h
	If Gˆ x-to-y covers G with respect to h,
	(Gˆ, h) is x-to-y covers of G,
	Fact 6.60 If Gˆ x-to-y covers G, then L(Gˆ) = L(G).
	Fact 6.61 If (M, t) is an x parser of Gˆ and if Gˆ x-to- y covers G w.r.t. h, then (M, t°h) is a ...
	(Tk(G), hk) right-to-right covers G, if
	hk(U Æ U1ºUm) = A Æ X1ºXm, where
	U = ([g], A), Ui = ([gX1ºXi-1], Xi) if Xi Œ N,
	= Xi if Xi Œ S.
	(M, t) is a x-parser of G, if t(q) = px.
	(Gˆ, h) is a x-to-y cover of G, if h(pˆx) = py.
	(M, t°h) is a x-parser of G.
	Consider a function M: S* Æ {G*}
	M(w) = q.
	M is deterministic if M: S* Æ G*.
	Consider a function Gx: S* Æ {P*}
	Gx(w) = p.
	G is unambiguous, if Gx: S* Æ P*.
	M°t is a x-parser of G, if M°t: S* Æ {P*}
	M°t = Gx.
	If G is ambiguous,
	Example
	G: S Æ Ac | bA | bc
	A Æ e
	Follow(A) = {$, c}
	G is not SLR(1) in state [b]
	Tk(G): ([e], S) Æ ([e], A) c | b ([b], A) | b c
	([e], A) Æ e
	([b], A) Æ e
	Se Æ Ae c | b Ab | b c
	Ae Æ e
	Ab Æ e
	Follow(Ae) = {c}
	Follow(Ab) = {$}
	Tk(G) is SLR(1)
	Tk(G) right-to-right covers G w.r.t. hk(T6.64)
	"w Œ L(Gˆ) where pˆ is a right parse of w in Tk(G),
	hk(pˆ) is a right parse of w in G.(L6.62)
	"w Œ L(G), where p is a right parse of w in G
	$pˆ .'. hk(pˆ)=p, pˆ is a right parse of w in Tk(G).
	(L6.63)
	Lemma 6.62 If [gA] Œ [G]k, ([g], A) ﬁpˆ F in Tk(G).
	Then let F= U1ºUmy,
	gX1ºXm Œ [G]k, and
	A ﬁhk(pˆ)X1ºXmy in G , where
	Ui = ([gX1ºXi-1], Xi) if Xi Œ N,
	= Xi if Xi Œ S»{$}.
	Proof by induction on |pˆ|.
	IB: pˆ = e
	IH: pˆ = pˆ1rˆ, rˆ = W Æ W1ºWp Œ Pˆ.
	([g], A) ﬁp 1U1ºUnWy
	ﬁr U1ºUnW1ºWpy = F.
	By definition of Tk(G),
	W = ([d], B),d = ghk(U1ºUn), and
	Wi = ([dZ1ºZi-1], Zi), if Zi Œ N,
	= Zi, if Zi Œ S»{$}.
	By IH, $gX1ºXnB Œ [G]k, and,
	A ﬁhk(pˆ 1) X1ºXnBy in G,
	[gX1ºXn] = [d], and by right invariance,
	[dZ1ºZi-1] = [gX1ºXnZ1ºZi-1].
	If choose m = n+p, 1 £ i £ p,
	Un+i = Wi, Xn+i = Zi, then the lemma is proved.
	Lemma 6.63 gA Œ [G]k, A ﬁp X1ºXmy in G, and
	either X1ºXm = e or Xm Œ N.
	Then $pˆ Œ Pˆ* .'. hk(pˆ) = p and
	([g], A) ﬁpˆ U1ºUmy in Tk(G).
	Proof by induction on |p|.
	Base: p = e. Then pˆ = e and U1 = ([g], A).
	Induction Step: p = p1r, r = B Æ Z1ºZp.
	A ﬁrmp1 Y1ºYnBy1 ﬁrm r Y1ºYnZ1ºZpy1
	= X1ºXmy in G.(m=n+p)
	$p1 of Tk(G) .'.
	hk(p1) = p1 and
	([g], A) ﬁrmp1 U1ºUn([gY1ºYn], B)y1
	where Ui = ([gY1ºYi-1], Yi) if Yi Œ N,
	= Yi if Yi Œ S.
	Then $r= ([gY1ºYn], B)ÆUn+1ºUn+p in Tk(G)
	where Ui = ([gY1ºYnZ1ºZi-1], Zi) if Zi Œ N,
	= Zi if Zi Œ S.
	\hk(p1r) = hk(p1)hk(r) = p1r = p, and
	([g], A) ﬁrmp1rU1ºUn+py1 = U1ºUmzy1
	= U1ºUmy.
	Theorem 6.64 Tk(G) right-to-right covers G w.r.t. hk.
	Corollary 6.65 If (M, t) is a right parser of Tk(G), then (M, thk) is a right parser of G.
	Lemma 6.66 y Œ Followk(([g]k, A)) in Tk(G) iff
	S ﬁ* dAz in G, [d]k = [g]k, l:z = y.
	In other words,
	y is a follower of ([g]k, A) in Tk(G)
	iff y is a follower of A in G
	in some context LR(k)-equivalent to g.
	Lemma 6.67
	[U Æ UmºUi·Ui+1ºUp, y] Œ ·U1ºUiÒl
	in Tk(G) iff
	[A Æ XmºXi·Xi+1ºXp, y] Œ ·X1ºXiÒl,
	U = ([X1ºXm-1], A), and 1£ j£ p,
	Uj = ([X1ºXj-1], Xj) if Xj Œ N,
	= Xj if Xj Œ S » {$}.
	Lemma 6.68 If G is non-LR(k), then so is Tk(G).
	Proof
	(i) S ﬁrm+S, then ([e]k, S) ﬁrm+([e]k, S),
	\Tk(G) is non-LR(k).
	(ii) ·X1ºXiÒk contains a conflict. Then
	[A Æ XmºXi·, y] Œ ·X1ºXiÒk,
	[B Æ XnºXi·Xi+1ºXp, u] Œ ·X1ºXiÒk,
	y Œ Firstk(Xi+1ºXpu).
	Then by lemma 6.67,
	[U Æ UmºUi·, y] Œ ·U1ºUiÒk, and
	[W Æ UnºUi·Ui+1ºUp, u] Œ ·U1ºUiÒk,
	where U = ([X1ºXm-1]k, A),
	W = ([X1ºXn-1]k, B),
	Uj = ([X1ºXj-1]k, Xj) if Xj Œ N,
	= Xj if Xj Œ S » {$}.
	U ¹ W or m ¹ n or i+1 £ p,
	y Œ Firstk(Ui+1ºUpu).
	\Tk(G) is non-LR(k).
	Lemma 6.69 If Tk(G) is non-SLR(k), then G is non- LR(k).
	Proof If Tk(G) is non-LR(k), we have
	[U Æ UmºUi·] Œ ·U1ºUiÒ0,
	[W Æ UnºUi·Ui+1ºUp] Œ ·U1ºUiÒ0,
	y Œ Followk(U) « Firstk(Ui+1ºUpFollowk(W)),
	Ui+1 Œ S whenever i+1 £ p. Then there exist
	U = ([X1ºXm-1]k, A),
	W = ([X1ºXn-1]k, B), and
	Uj = ([X1ºXj-1]k, Xj) if Xj Œ N,
	= Xj if Xj Œ S » {$}, 1£ "j£ p.
	By lemma 6.66,
	S ﬁ* gAz, [g]k = [X1ºXm-1]k, k:z = y,
	S ﬁ* dBu, [d]k = [X1ºXn-1]k, k:xu = y, and
	x Œ Firstk(Ui+1ºUp).
	(i) If Ui+1 Œ S, Xi+1 Œ S, too. Then
	[AÆX1ºXi·, k:z$], [BÆX1ºXi·Xi+1ºXp, k:u$]
	exhibit a conflict.
	(ii) i £ p, by the right invariance, i = p, then
	reduce-reduce conflict.
	Theorem 6.70 Any grammar G can be transformed into a structurally equivalent grammar which is SLR...
	Theorem 6.71 For any k ³ 0,
	the families of LR(k) languages,
	LALR(k) languages, and
	SLR(k) languages
	are all equal.
	6.7. Covering LR(k) Grammars by LR(1) Grammars
	- LR(k) language º LR(1) language
	LR(k) grammar ﬁ LR(1) grammar
	right-to-right cover
	- deterministic language ﬁ SLR(1) parsing
	Tk, 1(G) right-to-right covers G, and
	Tk, 1(G) is LR(1), iff G is LR(k+1)
	Idea
	· shift the derivation trees in G
	k symbols to the right
	· reduce actions are postponed until 1 symbol
	lookahead is sufficient to resolve uniquely.
	A is replaced by set of (x, A, y)’s, where
	y Œ Followk(A), x Œ Firstk(Ay).
	|y| £ k and |x| = k.
	L((x, A, y)) =
	{z | S ﬁ* uAw ﬁ* uvw, y = k:w, x = k:vw, xz = vy, |x| = k}
	Let G = ( N, S, P, S) be a grammar.
	Tk, 1(G) = (N¢, S, P¢, S¢), where
	N¢ = {S¢}
	» {(x, X, y) | y Œ Followk(X), x Œ Firstk(Xy)}
	P¢ = {S¢ Æ x(x, S, e) | x Œ Firstk(S)}
	» {(y0, A, ym) Æ
	(y0, X1, y1)(y1, X2, y2)º(ym-1, Xm, ym)
	| m ³ 0, AÆX1ºXm Œ P, ym Œ Followk(A),
	0 £ "i < m, yi Œ Firstk(Xi+1yi+1),
	Followk, Firstk in the context of A ﬁ* y0…}
	» {(ax, a, xb) Æ b | xb Œ Followk(a), |xb| = k}
	» {(ax, a, x) Æ e | x Œ Followk(a), |x| < k}.
	yi Œ Followk(Xi)
	hk,1: P¢ Æ P » {e}
	hk,1(S¢ Æ x(x, S, e)) = e,
	hk,1((y0, A, ym) Æ (y0, X1, y1)º(ym-1, Xm, ym))
	= A Æ X1ºXm,
	hk,1((ax, a, xb) Æ b) = e, and
	hk,1((ax, a, x) Æ e) = e.
	Two problems
	i) (Tk,1(G), hk,1) is a right-to-right cover of G.
	T6.78(ﬁ: L6.72-74, ‹: L6.75-77)
	ii) Tk,1(G) is LR(1) if and only if G is LR(k+1).
	T6.85(‹: L6.79-81, ﬁ: L6.82-84)
	Lemma 6.72 Consider G and Tk, 1(G) be grammar.
	If (x, A, y) ﬁp¢ (y0, X1, y1)º(ym-1, Xm, ym)z
	= F in Tk, 1(G).
	Then y0 = x, ymz = vy; and
	A ﬁp X1X2ºXmv in G.
	Moreover, if |ym| < k, then z = e.
	Proof by induction on |p¢|
	IB: m = 1, y0 = x, ym = y, z = v = e, and X1 = A.
	IH: p¢ =p1¢r¢
	(x, A, y) ﬁp1¢ (y0, X1, y1)º(yn-2, Xn-1, yn-1)(yn-1, X, y¢n)z1 ﬁr¢ (y0, X1, y1)º(yn-2, Xn-1, yn-1...
	Moreover, $v1 s.t.
	y0 = x, yn¢z1 = v1y, and
	A ﬁp X1X2ºXn-1Xv1 in G.
	Case 1:
	r¢ = (yn-1, X, yn¢) Æ (yn-1, Xn, yn)º(ym-1, Xm, ym),
	m ³ n - 1.
	By definition, ym = yn¢ and h(r¢) = X Æ XnºXm Œ P.
	Then we have:
	y0 = x, ymz1 = yn¢z1 = v1y, and
	A ﬁp1¢ X1X2ºXn-1Xv1 ﬁr¢ X1ºXmv1 in Tk, 1(G).
	z = z1, v = v1.
	Case 2:r¢ = (au, a, ub) Æ b. h(r¢) = e.
	If m = n - 1, z = bz1, and v = av1, we then have:
	F = (y0, X1, y1)º(yn-2, Xn-1, yn-1)bz1
	= (y0, X1, y1)º(ym-1, Xm, ym)z, (yn¢ = ub)
	y0 = x, ymz= yn-1bz1 = ayn¢z1 = av1y = vy, and
	A ﬁh(p¢r¢) X1ºXn-1Xv = X1ºXmav1 = X1ºXmv
	Case 3:r¢ = (ayn¢, a, yn¢) Æ e. |yn¢| < k, h(r¢) = e.
	If m = n - 1, z = z1, and v = av1, we then have:
	F = (y0, X1, y1)º(yn-2, Xn-1, yn-1)z1
	= (y0, X1, y1)º(ym-1, Xm, ym)z,
	y0 = x, ymz= yn-1z1 = ayn¢z1 = av1y = vy, and
	A ﬁh(p¢r¢) X1ºXn-1Xv = X1ºXmv1 = X1ºXmv
	Lemma 6.73 If
	(x, A, y) ﬁp¢ z in Tk, 1(G), then
	A ﬁh(p¢) v in G, where vy = xz.
	Proof
	F = z in L6.72.
	Lemma 6.74 If p¢ is a right parse of w in Tk, 1(G), then h(p¢) is a right parse of w in G.
	Lemma 6.75 Let G = (N, S, P, S)
	A ﬁp X1X2ºXmv in G,
	m = 0 or Xm is a nonterminal,
	y Œ Followk(A), ym= k:vy, ymz = vy, and
	yi Œ Firstk(Xi+1yi+1) 0 £ i < m.
	Then there is a rule string p¢ of Tk, 1(G) .'.
	h(p¢) = p, and
	(y0, A, y) ﬁp¢ (y0, X1, y1)º(ym-1, Xm, ym)z
	in Tk, 1(G).
	Proof by induction on |p|
	IB: m = 1, y0 = x, ym = y, z = v = e, and X1 = A.
	IH: p =p1r. Then
	A ﬁp1 X1X2ºXnBv1
	ﬁr X1X2ºXnXn+1ºXpv1
	= X1ºXmv in G
	Here, v = Xm+1ºXpv1, because r = B Æ Xn+1ºXp.
	If p > m, let yp = k:v1y, $z1 .'. ypz1 = v1y.
	And let yi = k:Xi+1yi+1, m < i < p.
	Then ym = k:vy = k:Xm+1ºXpv1y = k:Xm+1ym+1,
	and ym Œ Firstk(Byp).
	By IH:
	h(p1¢) = p1, and
	(y0, A, y) ﬁp1¢ (y0, A, y)
	ﬁp1¢ (y0, X1, y1)º(yn-1, X, y¢n)z1 in Tk, 1(G).
	And $ r¢ .'.
	r¢ = (yn, Xn+1, yn+1)º(yp-1, Xp, yp)
	h(r¢) = r.
	Then
	(y0, A, y) ﬁp1¢r¢ (y0, X1, y1)º(yp-1, Xp, yp)z1
	(ym, Xm+1, ym+1)º(yp-1, Xp, yp) ﬁp2¢u Œ Â*
	in Tk, 1(G), where p2¢ = p - m rules of the form
	(ax, a, xb) Æ b or (ax, a, x) Æ e.
	Then
	(y0, A, y) ﬁp1¢r¢p2¢ (y0, X1, y1)º(ym-1, Xm, ym)uz1
	in Tk, 1(G).
	Let p¢ = p1¢r¢p2¢, then h(p¢) = p.
	And ymuz1 = vy = ymz implying uz1 = z, as claimed.
	Lemma 6.76 If
	A ﬁp v in G, and
	y Œ Followk(A), x = k:vy, and xz = vy,
	then for some p¢ of Tk, 1(G),
	h(p¢) = p and
	(x, A, y) ﬁp¢z in Tk, 1(G).
	Proof
	m=0 and y0 = x in L6.75.
	Lemma 6.77 If p is a right parse of w in G, then w has in Tk, 1(G) a right parse p¢ .'. h(p¢) = p.
	Theorem 6.78 For all grammars G and k > 0,
	Tk, 1(G) right-to-right covers G w.r.t. the homomorphism h.
	Lemma 6.79
	(y0, X1, y1)º(yn-1, Xn, yn) ﬁrm * z in Tk, 1(G).
	Then $v .'. X1ºXn ﬁrm * v in G and
	vyn = y0z.
	Lemma 6.80
	[U Æ f·y, d] Œ ·FÒ1.
	Then the form of F and [U Æ f·y, d] are
	(i) F = x, [S0 Æ x·y(xy, S, e), $].
	(ii) F = x(x, S, e), [S0 Æ x(x, S, e)·, $].
	(iii) F = y0(y0, X1, y1)º(yr-1, Xr, yr),
	[(ym, A, yn) Æ (ym, Xm+1, ym+1)º(yr-1, Xr, yr)·
	(yr, Xr+1, yr+1)º(yn-1, Xn, yn), d],
	where [A Æ Xm+1ºXr·Xr+1ºXn, ynd]
	Œ ·X1ºXrÒk+1.
	(iv) F = y0(y0, X1, y1)º(yr-1, Xr, ax) and
	[(ax, a, xb) Æ ·b, d]
	where [A Æ a·ab, y’] Œ ·X1ºXrÒk+1
	and xbd Œ Firstk+1(by’).
	(v) F = y0(y0, X1, y1)º(yr-1, Xr, ax)b and
	[(ax, a, xb) Æ ·b, d] where... same to (iv).
	(vi) F = y0(y0, X1, y1)º(yr-1, Xr, ax)b and
	[(ax, a, xb) Æ ·, d]
	where [A Æ a·ab, y’] Œ ·X1ºXrÒk+1
	and x$ Œ Firstk+1(by’).
	Proof cases on the form of U.
	Case1: U = S0. Then (i) or (ii) is true.
	Case2: U = (x, A, y). Then
	S0’ ﬁrm S0$ ﬁrm y0(y0, S, e)$ ﬁrm * y0g(x, A, y)z$
	ﬁrm y0gfyz$ = Fyz$ in Tk, 1(G)’
	and 1:z$ = d.
	\ (y0, S, e) ﬁrm * g(x, A, y)z in Tk, 1(G).
	g(x, A, y)z = (y0, X1, Y1)º(ym-1, Xm, x)(x, A, y)z
	and S ﬁrm * X1ºXmAyz in G.
	If ym = x, yn = y, A Æ Xm+1ºXnŒ P,
	U Æ fy
	= (ym, A, yn) Æ (ym, Xm+1, ym+1)º(yn-1, Xn, yn).
	Then
	S’ ﬁrm X1ºXmAyz$ ﬁrm X1ºXmXm+1ºXnyz$ in G’
	and [A Æ Xm+1ºXr·Xr+1ºXn, k+1:yz$]
	·X1ºXrÒk+1.
	\ (iii) is true.
	Case3: U = (ax, a, xb).
	By lemma 6.72,
	(y0, S, e)$ﬁrm +y0(y0, X1, Y1)º(yr-1, Xr, ax)(ax, a, xb)z,
	and $A’ Æ Xi+1ºXn Œ P,
	(y0, S, e)$ﬁrm +y0(y0, X1, y1)º(yi-1, Xi, yi)(yi, A’, yn)u
	ﬁrm y0(y0, X1, y1)º(yn-1, Xn, yn)u, and
	(yr+1, Xr+2, yr+2)º(yn-1, Xn, yn)u ﬁrm * z.
	\S’ ﬁrm * X1ºXiA’ynu$ ﬁrm X1ºXnynu$
	in G by lemma 6.72.
	[A’ Æ Xi+1ºXr·aXr+2ºXn, k+1:ynu$]
	Œ ·X1ºXrÒk+1,
	and Xr+2ºXn ﬁrm v in G, vynu = yr+1z.
	xbd = k+1:yr+1z$ Œ Firstk+1(Xr+2ºXnynu$)
	= Firstk+1(Xr+2ºXn(k+1:ynu$)).
	\ one of (iv) and (v) is true.
	Case4: U = (ax, a, x), similar to Case3, (vi) is true.
	Lemma 6.81 If Tk, 1(G) is non-LR(1), then G is non- LR(k+1).
	Proof
	Let F be a viable prefix .'. I, J Œ ·FÒ1
	which cause a conflict.
	Case1: F = x(x, S, e), I = [S0 Æ x(x, S, e)·, $],
	J = [(x, A, e)Æ (x, S, e)·, $].
	Then [AÆS·, $] Œ ·SÒk+1,
	S’ ﬁrm S$ ﬁrm * A$ ﬁrm S$ in G’, and S ﬁrm+ S in G.
	Case2: F = x(x, S, e), I = [S0 Æ x(x, S, e)·, $],
	J = [(x, A, e)Æ ·, $].
	Then [A Æ·, $] Œ ·SÒk+1, and S’ ﬁrm S$ ﬁrm * A$ ﬁrm S$ in G.
	Case3: F = y0(y0, X1, Y1)º(yr-1, Xr, yr),
	I=[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr, yr)·, d]
	J=[(yp,B,yr)Æ(yp,Xp+1,yp+1)º(yr-1, Xr, yr)·, d].
	Then [A ÆXm+1ºXr·, d] and [BÆXp+1ºXr·, d]
	cause a conflict in ·X1ºXrÒk+1.
	Case4: F = y0(y0, X1, Y1)º(yr-1, Xr, ax),
	I=[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr,ax)·, b]
	J = [(ax, a, xb) Æ·b, d].
	Then [A ÆXm+1ºXr·, axb] and [B Æa·ab, y’]
	cause a s-r conflict in ·X1ºXrÒk+1
	because xbd Œ Firstk+1(by’).
	Case5: F = y0(y0, X1, Y1)º(yr-1, Xr, ax),
	I=[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr,ax)·, $]
	J = [(ax, a, xb) Æ·, $].
	Then [A ÆXm+1ºXr·, ax$] and [B Æa·ab, y’]
	cause a s-r conflict in ·X1ºXrÒk+1
	bacause x$ Œ Firstk+1(by’).
	Lemma 6.82 Let
	Xi ﬁrm * vi, yi Œ Followk(Xi), and yi-1 = k:viyi.
	Then
	(y0, X1, Y1)º(yn-1, Xn, yn) ﬁrm * z,
	where v1ºvnyn = y0z.
	Lemma 6.83 Let
	[A Æ Xm+1ºXr·Xr+1ºXn, ynd]
	Œ ·X1ºXrÒk+1,
	Xi ﬁrm * vi and yi-1 = k:viyi, 1 £ "i £ n, 0 £ m £ r £n.
	Then
	(b) [(ym, A, yn) Æ (ym, Xm+1, ym+1)º(yr-1, Xr, yr)·
	(yr, Xr+1, yr+1)º(yn-1, Xn, yn), d]
	Œ ·y0(y0, X1, Y1)º(yr-1, Xr, yr)Ò1.
	Moreover, if r < n and
	(yr, Xr+1, yr+1) = (ax, a, xb), then
	(c) [(ax, a, xb) Æ·b, 1:ud]
	Œ ·y0(y0, X1, Y1)º(yr-1, Xr, yr)Ò1,
	where xbu = vi+1ºvnyn.
	Similarly, if r < n and
	(yr, Xr+1, yr+1) =(ax, a, x), then
	(d) [(ax, a, xb) Æ ·, $]
	Œ ·y0(y0, X1, Y1)º(yr-1, Xr, yr)Ò1.
	Proof
	(i) By definition, $v Œ Â* .'.
	S’ ﬁ S$ ﬁ* X1ºXmAv$ ﬁ X1ºXmXm+1ºXnv$
	and k+1:v$ = ynd.
	Then
	(y0,S,e)ﬁ*(y0,X1,y1)º(ym-1,Xm,ym)(ym,A,yn)z,
	(ym,A,yn)Æ(ym,Xm+1,ym+1)º(yn-1,Xn,yn)
	in Tk,1(G).
	Then
	S0’ ﬁ S0$ ﬁ y0(y0,S,e)$
	ﬁ*y0(y0,X1,y1)º(ym-1,Xm,ym)(ym,A,yn)z$
	ﬁ y0(y0,X1,y1)(yn-1,Xn,yn)z$.
	\(b) is true.
	(ii) Assume that r < n, (yr, Xr+1, yr+1) = (ax, a, xb).
	Then (ax, a, xb) Æ b in Tk,1(G) and
	Xi ﬁ* vi, yi = k:vi+1ºvnyn ŒFollowk(Xi),
	(yr+1, Xr+2, yr+2)º(yn-1,Xn,yn) ﬁ* u by lem6.82
	where vr+2ºvnyn = yr+1u = xbu.
	Then by (b) and lemma 6.17, (c) is true.
	(iii) in a same manner (d) is true.
	Lemma 6.84 Let G = (N, S, P, S) and k ³ 0.
	If G is non-LR(k+1), then Tk, 1(G) is non-LR(1).
	Proof
	(i) if S ﬁ+S in G, then Tk, 1(G) is ambiguous.
	S ﬁ+A1ºAmS, Ai ﬁ*e for all i.
	then $x in Tk, 1(G),
	(x,S,e)ﬁ+(x,A1,x)º(x,Am,x)(x,S,e).
	By lemma6.75, Ai ﬁ*e implies (x,Ai,x)ﬁ*e for all i.
	\ (x, S, e) derives itself and Tk, 1(G) is ambiguous.
	(ii)
	[AÆXm+1ºXr·, w’], [BÆXp+1ºXr·, w’]
	Œ ·X1ºXrÒk+1.
	then for yrd = w’, yi = k:vi+1yi+1,
	[(ym, A, yr)Æ(ym,Xm+1,ym+1)º(yr -1,Xr,yr)·,d],
	[(yp, A, yr)Æ(yp,Xp+1,yp+1)º(yr -1,Xr,yr)·,d],
	Œ ·y0(y0, X1, y1)º(yr -1,Xr,yr)Òk+1.
	(iii)
	[AÆXm+1...Xr·,w1],[BÆXp+1...Xr·Xr+1...Xn, w2]
	Œ ·X1...XrÒk+1, w1ŒFirstk+1(Xr+1...Xnw2).
	then $vi .. Xi ﬁ* vi and k+1:vr+1ºvnw2 = w1.
	let yi = k:vi+1yi+1, then
	yr = k:vr+1yi+1 = k:vr+1vr+2yr+2
	= º = k:vr+1ºvnyn,
	and w1 = k+1:vr+1ºvnw2
	= k+1:vr+1ºvnynd2.
	Then by lem6.83,
	[(ym,A,yr)Æ(ym,Xm+1,ym+1)º(yr-1, Xr, yr)·, d1]
	Œ ·y0(y0, X1, y1)º(yr-1, Xr, yr)Ò1.
	If (yr, Xr+1, yr+1) = (ax, a, xb),
	[(ax, a, xb) Æ·b, 1:ud2]
	Œ ·y0(y0, X1, y1)º(yr-1, Xr, yr)Ò1,
	xbu Œ�vr+1ºvnyn.
	Then w1 = k+1:vr+1ºvnynd2 = k+1:avr+2ºvnynd2
	= k+1:axbud2 = k+1:yrbud2.
	\ $a shift-reduce conflict.
	If (yr, Xr+1, yr+1) = (ax, a, x), by lem6.83, d2 = $,m
	[(ax, a, x) Æ·, $]
	Œ ·y0(y0, X1, y1)º(yr-1, Xr, yr)Ò1.
	yr+1 = k:vr+2ºvnyn = vr+2ºvnyn,
	yr = ayr+1 = vr+1ºvnyn.
	\ d1 = $ and $a reduce-reduce conflict.
	Theorem 6.85
	For any reduced grammar G = (N, S, P, S) and k ³ 0,
	Tk, 1(G) is LR(1) iff G is LR(k+1).
	Theorem 6.86 For k ³ 1, any reduced grammar G,
	G can be transformed into G’ .'.
	G’ is an equivalent grammar,
	G’ right-to-right covers G, and
	G’ is LR(1) iff G is LR(k).
	Theorem 6.87 For any alphabet S,
	the family of deterministic languages over S
	coincides with
	the family of SLR(1) languages over S.


