CS522 6. Pushdown Automata

Chap. 6 Pushdown Automata
6.1 Definition of Pushdown Automata
Example 6.2 Ly = {wwR |w e (0+1)"}  Palindromes over {0, 1}.
AcfgP —>¢|0]|1|0PO| 1P1.
Consider a FA with a stack(= a Pushdown automaton; PDA).
do: Push input symbol onto stack, and stay in qp(gathering mode) or

Go to state g,(matching mode) nondeterministically(e-moves)

Guess that it is the center of the palrindrome, now.
;I the input symbol is same as the top of the stack,

then pop the top of the stack and stay in g,.(matching mode)

If the Input symbol is not same as the top of the stack,
then reject.
If no more input symbol and empty stack in state gy,

then go to the final state g, and accept, else reject.
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CS522 6. Pushdown Automata

6.1.2 The Formal Definition of Pushdown Automata
A pushdown automaton(PDA) P = (q, %, T, 9, dg, Zg, F) is

1. g is a finite set of state alphabet,
2. 2 1S a finite set of input alphabet,
3. I' Is a finite stack alphabet,

4.8 is a transition function.  8: Q x (T U {e}) x [ —» 29xT™,
If (p,y) € 8(g,a, X)forg,peQ,acTu{e,yel.

pop stack top X and push stack stringy € I onto stack.

) (p, €) € 6(q, &, X) pop X
i) (p, X) € d(q, a, X) no stack change

i) (p, YX) € 8(q, a, X) push Y
5. (g € QIs an initial state,

6.Zy € I is an initial stack content,
7. F < Qis aset of final states.

10/27/16 Kwang-Moo Choe 2
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Example 6.2 Py = ({do, 01, A2}, {0, 1}, {0, 1, Zg}, 8, do, Zo, {02})
Fig. 6.2 in p 230.
State qg: If see 0, then push 0 and if see 1, then push 1; stay in qg.
1. 8(do. 0, Zg) ={(do, 0Zg)}  8(do, 1, Zg) = {(do, 1Z0)}
2. 8(dp, 0, 0) = {(gg, 00)} 6(dp, 1, 0) = {(qp, 10)}
6(do, 0, 1) ={(qp, 01)} 6(dp, 1, 1) = {(qo, 11)} push and gath.

3. 9(do: & Zo) =1(q1, Zg)} 8(do, & 0) = 1(d1, 0)} 8(do, &, 1) = {(d1, 1)}
Go to the state g, on ¢ input(nondeterministic)-guess center of Pal.

State q,: match input symbols against the stack top symbol and pop it.
4. 58(01,0,0) ={(a1, &)}- 6(qq, 1, 1) ={(qs, &)} match and pop

5. 8(0y, & Zg) ={(q2, Zo)} Accept!
else error! 6(q¢, 0, 1) = 8(0y, 1, 0) = 6(q4, 0, Zg)= 0(qq, 1, Zy) = 4.
L(Pywr) = Lwwr DUt P Is not deterministic!
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Configuration(Instantaneous description) of PDA
(current state, remained Input string, current stack contents)

@,%7) e QxE xI.
o @xT xT)x(QxX xI)
(9, ax XB) Fp (p, %, ¥B), if (p, v) € 8(q, a, X)
(. %, XB) F—p (p, %, ¥B), if (p, 7) € 5(a, &, X)
We may use |— instead of |—p if P is understood.
| — isabinary relationon (Q x X" x I").
" is a reflexive and transitive closure of —.

Recursive definition of —.
ILLKeQxE xIT, 1 g 1.

Ifl —JandJ K, 1 —5 K.
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CS322 6. Pushdown Automata
Let P = (Q, Z, I} 9, qg, £y, F) Is a PDA. Then

Thm. 651 (g, X, o) — (p,y,B)forgpe Q,xye > anda,p el .

Then (g, xw, oy) — (p, yw, By) foranyw e & andy e .
Adding lookahead input strings and lookback stack strings.

Thm. 6.6 If (g, xw, o) — (p, yw, B) for g,pe Q, x,y,we £ and a.,pe I .

Then  (a,% a) " (p, v B).
Remooving lookahead input strings.

6.2 The language of a PDA
6.2.1 Acceptance by Final State

L(P) ={w e | (g, W, Zg) — (f, &, o), f e F}
6.2.2 Acceptance by Null Stack
N(P) = {w € =7 (9o, W, Zg) " (f, &, €)}
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6.2.3 From Empty Stack to Final State
Thm. 6.9 If L = N(Py) for some PDA Py = (Qn, =, T, O Ao Zo', D).
Then there is a PDA Pg such that L = L(Pp).
Pr=Qnu{do" are} = Tnu{Zo 18R a0 Zo' {ar))
where qo0F ¢ Qn, Zo~ € Ty
8e: 1.8:(00 & Z07) = {(ag", ZoNZoN)}.  push old stack bottom Z\.
2. O D O, simulate Py with &y.
3.7 € Qu, 8r(0, & Zo") = {(0 &(or Zo" orany o e Ty ))}
If stack Is empty(ZOF: stack top), go to the final final state g

See Fig. 6.4 in p. 237.
Po = 0o, Xo = 20", Zg = Zy", Gole= qg/any.
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6.2.4 From Final State to Empty Stack
Thm. 6.11 If L = L(Pg) for some PDA Pr = (Qg =, I'g, 85 0o, Zo™, F).
Then there is a PDA Py such that L = N(Py).

Pn = (Qr v {do", b Z, Ty S, o™ Zo's )
where 005, 0g ¢ Qp, Zo" ¢ Tg and Iy = IT'e U {ZoM}-

Sn: L. 8n(005, & Zo™) = {(dg, Zo"Zo™M)} push old stack bottom Z".
2.0\ 2 Ok simulate Pg with &g
3.Mfe FVZ el 6y & 2) 2{(g, ¢)}.

If final state, pop a stack symbol and go to the empty state q.
4.7Z e T'y, ON(0Es & 2) = {(dE, &)}
Pop all of the stack symbols in the empty state q.
See Fig. 6.7inp. 240  pg=0qo-, Xo= 20", Zo = Zo", o = 9o, and
anyle = Z/¢ in the state p = Q.
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6.3 Equivalence of PDA’s and CFG’s
6.3.1 From Grammars to Pushdown Automata

Theorem 6.13 If G = (N, T, P, S) is a cfg. Then "PDA P .5. L(G) = N(P).

ConstructP =({g}, TNUZ, 5, q, S, &) guess and verify parser
YA e N, 5(q, &, A) ={(g, )] A = o € P} guess A as a(A — o e P).
Vae X, 8(g,a a)={(q,a)acT} verifya e X.

Proof A =, xa ifand only if (g, x, A) " (q, &, @), xeX’, a e(NUZ).

(1) If (0, x, A) —"(q, &, @), then A =, xo for i = 0.

basisi=0:x=¢,andA=oa. . (g, & A) (@ & A). . A=y, A

Induction Let 1 > 1, and consider the next-to-last step.

) (@ %, A) =1 (0 6. BY) Fguess”™ " (@ . Br) = (@, &, @)
. A=, XxBybyIHand B — B e P by construction of 8 ess

A Z>|m* XBV =Im XBY = X,
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i) (0, x, A) = (g, ya, A) "1 (g, a, a0) F—yerify (@, &, @)
(q,v, A) -1 (q, &, an) (Thm 6.5; (q, &, aa))
5 A=y, yaa = xa by IH
(Only if) If A =, xa, then (g, X, A) —"(q, ¢, &) for i > 0.
basisi =0, A=’ A. x=ecand A=a. (q, &, A) 0(q, &, A).
Induction Let 1 > 1, and consider the next-to-last step.
A =1t yBy =im YBY = Y’y = XA where B=y’y’, y’eX’, v’ e(NUE) .
(@.¥. A) —"(a,& By) by IH. . (a,yy’, A) I="(a.y", By) (by T.6.5)
PP @y B =@y .y =Y @ e v =@ e o)
~ A= xaifand only if (g, x, A) —"(q, &, @).

IfA=S, a=c¢ thenS =, xifandonlyif(qg,x, S)— (g, ¢, ¢)
. L(G) = N(P).
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6.3.2 From PDA’s to Grammars
Theorem 6.14 If a PDA P = (Q, %, T;, 4, qg, Zg, ).

Then there is a CFG G such that L(G) = N(P). null stack

proof G=(QxI'xQuU{S} X, P,9)
P={S— [90Zoa] | "q € q} use [ggZoa] instead of (d, Zo, Q)
w {laApm] = a [pY1p1][P1Y2P2] - [Pm-1YmPml |

(P, Y1Y5...Y,) € 8(q, &, A), a € 2U{e}, q € Q, 1<”i<m: p; € Q, Y; € '}
(Ifm=0, [gAp] >a e P,aceXu{e})

To proove that [gAp] = X € X, if and only if

PDA Configurations(ID’) (g, X, A) — (p, &, ) cQ x X x .
Nonterminal [gAp] derives terminal string x if and only if
x causes PDA P to pop A from stack
starting in the state g and ending in the state p.
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1) If (g, x, A) ' (p, &, €), then [qAp] =, X for i > 1.
basisi =1, (q, x, A) — (p, &, €). .. (p, €) € 8(q, X, A), X € T U {e}.
~. [aAp] > x € Pwhere x € 2 U {e}. .. [0AP] =1m .

induction (g, x, A) = (g, ay, A) — (pq, ¥, Y1...Y) "1 (p, ¢, €).

= P9, oo, Py P € g and assume y = yq...yp € 2 .

(PLY1--Ym Y1 Ym) =" (02Y 2. Ym Yo Vi) =" (PmYm: V) F— (D.&18).

1<Yi<m, (pi, Vi, Yi) — (Pisy, € €). (Thm 6.5 and y; depends on Y; only)
= [piYiPis1] =im Yiby IH.

v [p1Y1p2l[P2Yopal .- [PmYmP] =1m YaY2--Ym =Y
Since (pq, Y1---Ym) € 8(a, &, A), (a, ay, A) — (p1, ¥, Yq...Y)-

- 2[aAp] = a [p1Y1po1[p2Y2psl. .. [PmYmp] € P.("pieQ)
. [0AP] =im @ [P Y121 [P2Y2Ps] . [PmYmP] =i aY = X.
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2) If [4AP] =im' X, then (g, X, A) " (p, &, €) for i > 1.
basis1 =1, [gAp] &> x € P, (p, €) € o(q, X, A) where x € X U {&}.
induction [gAP] =y a [p1Y1021[P2Y2P3] .. [PmY Pl = X € X
X = ayy...yym where 1 < Vi <m, [p;Yipji1] :>Imi yj where pp1.1=p.

= (P Vi Y = (Piss, & €) by IH.

since [gAp] = [pyY1po1[P;Y2Ps] .. [P Y] € P,
a [p1Y1P21002Y2P3] - [PmYmP] € 3(a, &, A) where a € = U {s}.

(@ aygeYme A (PL Y1 Yme Yoo Ym) = (e ),

[9AP] = X ¥a, p € qifand only if (g, x, A) — (p, €, €).
= [90ZoP] =1m % ¥a, p € qifand only if (qg, X, Zo) — (p, &, €).
S =m [doZoP] =™ X, Y0, p € g if and only if (g, X, Zo) " (p, &, €).
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6.4 Deterministic Pushdown Automata
6.4.1 Definition of a Deterministic PDA

APDAP = (Q, =, T, 5, dg, Zo, F) with

5: Q x (T u {e}) x ' » 29 %" js deterministic, if
1.Vqe Q,Vae X u{ek 18(g,a, X)|<1lor

Sgx (Cu{e) xI—QxT.
2. 1f 35(q, a, X), then §(q, €, X) = & or

If 3(q, €, X), then Ya e X: 8(q, a, X) = .

Example 6.16 Palindromes over {0, 1} with center marker c.
Livews = {wewR [ w e (0+1)"}
Pwewr = ({do, 01, A2}, {0, 1, ¢}, {0, 1, Zp}, 8, do, Zo, {d2})

3. Lyewr = L(Pyewr)-
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Puewr 1S @ deterministic PDA!
1.YX e T, Va € {0, 1}: 8(qg, a, X) = {(qo, aX)}.  gathering mode(push)

2. 95(qg, ¢, X) ={(qy, X). goto matching mode
3. Va e {0, 1}: 8(q4, a, a) = {(g4, €)}. matching mode(pop)
4.5(01, €, Zg) ={(dy, €)}- end of matching!

Stronger version of deterministic PDA

8:Q><Z><F—\Q><F*.
6.4.2 Regular Languages and Deterministic PDA’
Theorem 6.17 If L is regular, the L = L(P) for some PDA.
proof Let A =(Q, Z, 34, dg, F) Isa DFA .5. L = L(A). Then
P=(Q, Z, {Zp}, Op do, Zg, F) with

Op(d, a, Zg) = {(p, £Zp)| 0a(Q, @) = p} Is a deterministic PDA.
DFA is a DPDA and FA is a PDA!
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6.4.3 DPDA’s and Context-free Languages
Pwewr 1S @ DPDA. But L, IS NOt regular but context-free.

Lwewr = L(Pwewr)-
L, IS NOt regular but context-free. But there is no DPDA P
3. Lywr = L(P)
Regular Languages — L(DPDA) < Context-free Languages

6.4.4 DPDA’s and Ambiguous Grammars

Theorem 6.20 If L = L(P) for some DPDA A, Then L has an unambigu-
ous context-free grammar.

proof If a PDA P is DPDA, then the CFG in Thm. 6.16 Is unambiguous.

Theorem 6.21 If L = L(P) for some DPDA A, Then L has an ambiguous
grammar.

proof end marker($) vs €. But forget it/ (X u {$} vs X U {e})
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Context-free Languages = Context-free grammars = Pushdown Automata

< Regular Languages
= Regular Expressions

= Regular Grammars

6. Pushdown Automata

= Finite Automata

—_Automata Languages
%[I)DAD A \\;context-free
FA — .\ L regular
—
—EXpressions —Glfammars ,/ I
context-free
e
_regular
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	Chap. 6 Pushdown Automata
	6.1 Definition of Pushdown Automata
	Example 6.2 LwwR = {wwR | w Œ (0+1)*} Palindromes over {0, 1}.
	A cfg P Æ e | 0 | 1 | 0P0 | 1P1.
	Consider a FA with a stack(= a Pushdown automaton; PDA).
	q0: Push input symbol onto stack, and stay in q0(gathering mode) or
	Go to state q1(matching mode) nondeterministically(e-moves)
	Guess that it is the center of the palrindrome, now.
	q1: If the input symbol is same as the top of the stack,
	then pop the top of the stack and stay in q1.(matching mode)
	If the input symbol is not same as the top of the stack,
	then reject.
	If no more input symbol and empty stack in state q1,
	then go to the final state q2 and accept, else reject.
	6.1.2 The Formal Definition of Pushdown Automata
	A pushdown automaton(PDA) P = (q, S, G, d, q0, Z0, F) is
	1. q is a finite set of state alphabet,
	2. S is a finite set of input alphabet,
	3. G is a finite stack alphabet,
	4. d is a transition function. d: Q ¥ (S » {e}) ¥ G Æ 2Q ¥ G*.
	If (p, g) Œ d(q, a, X) for q, p Œ Q, a Œ S » {e}, g Œ G*.
	pop stack top X and push stack string g Œ G* onto stack.
	i) (p, e) Œ d(q, a, X) pop X
	ii) (p, X) Œ d(q, a, X) no stack change
	iii) (p, YX) Œ d(q, a, X) push Y
	5. q0 Œ Q is an initial state,
	6. Z0 Œ G* is an initial stack content,
	7. F Õ Q is a set of final states.
	Example 6.2 PwwR = ({q0, q1, q2}, {0, 1}, {0, 1, Z0}, d, q0, Z0, {q2})
	Fig. 6.2 in p 230.
	State q0: If see 0, then push 0 and if see 1, then push 1; stay in q0.
	1. d(q0, 0, Z0) = {(q0, 0Z0)} d(q0, 1, Z0) = {(q0, 1Z0)}
	2. d(q0, 0, 0) = {(q0, 00)} d(q0, 1, 0) = {(q0, 10)}
	d(q0, 0, 1) = {(q0, 01)} d(q0, 1, 1) = {(q0, 11)} push and gath.
	3. d(q0, e, Z0) = {(q1, Z0)} d(q0, e, 0) = {(q1, 0)} d(q0, e, 1) = {(q1, 1)}
	Go to the state q1 on e input(nondeterministic)-guess center of Pal.
	State q1: match input symbols against the stack top symbol and pop it.
	4. d(q1, 0, 0) = {(q1, e)}. d(q1, 1, 1) = {(q1, e)} match and pop
	5. d(q1, e, Z0) = {(q2, Z0)} Accept!
	else error! d(q1, 0, 1) = d(q1, 1, 0) = d(q1, 0, Z0)= d(q1, 1, Z0) = Æ.
	L(PwwR) = LwwR but P is not deterministic!
	Configuration(Instantaneous description) of PDA
	(current state, remained input string, current stack contents)
	(q, x, g) Œ Q ¥ S* ¥ G*.
	˜æP Õ (Q ¥ S* ¥ G*) ¥ (Q ¥ S* ¥ G*)
	(q, ax Xb) ˜æP (p, x, gb), if (p, g) Œ d(q, a, X)
	(q, x, Xb) ˜æP (p, x, gb), if (p, g) Œ d(q, e, X)
	We may use ˜æ instead of ˜æP if P is understood.
	˜æ is a binary relation on (Q ¥ S* ¥ G*).
	˜æ* is a reflexive and transitive closure of ˜æ.
	Recursive definition of ˜æ*.
	"I, J, K Œ Q ¥ S* ¥ G*, I ˜æB* I.
	If I ˜æ J and J ˜æ* K, I ˜æR* K.
	Let P = (Q, S, G, d, q0, Z0, F) is a PDA. Then
	Thm. 6.5 If (q, x, a) ˜æ* (p, y, b) for q,p Œ Q, x,y Œ S* and a,b Œ G*.
	Then (q, xw, ag) ˜æ* (p, yw, bg) for any w Œ S* and g Œ G*.
	Adding lookahead input strings and lookback stack strings.
	Thm. 6.6 If (q, xw, a) ˜æ* (p, yw, b) for q,pŒ Q, x,y,wŒ S* and a,bŒ G*.
	Then (q, x, a) ˜æ* (p, y, b).
	Remooving lookahead input strings.
	6.2 The language of a PDA
	6.2.1 Acceptance by Final State
	L(P) = {w Œ S*| (q0, w, Z0) ˜æ* (f, e, a), f Œ F}
	6.2.2 Acceptance by Null Stack
	N(P) = {w Œ S*| (q0, w, Z0) ˜æ* (f, e, e)}
	6.2.3 From Empty Stack to Final State
	Thm. 6.9 If L = N(PN) for some PDA PN = (QN, S, GN, dN, q0N, Z0N, Æ).
	Then there is a PDA PF such that L = L(PF).
	PF = (QN » {q0F, qF}, S, GN » {Z0F}, dF, q0F, Z0F, {qF})
	where q0F,qF œ QN, Z0F œ GN.
	dF: 1. dF(q0F, e, Z0F) = {(q0N, Z0NZ0F)}. push old stack bottom Z0N.
	2. dF   dN, simulate PN with dN.
	3. "q Œ QN, dF(q, e, Z0F) = {(qF, e(or Z0F or any a Œ GN*))}.
	If stack is empty(Z0F: stack top), go to the final final state qF.
	See Fig. 6.4 in p. 237.
	p0 = q0F, X0 = Z0F, Z0 = Z0N, q0/e= q0N/any.
	6.2.4 From Final State to Empty Stack
	Thm. 6.11 If L = L(PF) for some PDA PF = (QF, S, GF, dF, q0F, Z0F, F).
	Then there is a PDA PN such that L = N(PN).
	PN = (QF » {q0N, qE}, S, GN, dN, q0E, Z0N, Æ)
	where q0E, qE œ QF, Z0N œ GF. and GN = GF » {Z0N}.
	dN: 1. dN(q0E, e, Z0N) = {(q0, Z0FZ0N)} push old stack bottom Z0F.
	2. dN   dF, simulate PF with dF.
	3. "f Œ F, "Z Œ GN, dN(f, e, Z)   {(qE, e)}.
	If final state, pop a stack symbol and go to the empty state qE.
	4. "Z Œ GN, dN(qE, e, Z) = {(qE, e)}
	Pop all of the stack symbols in the empty state qE.
	See Fig. 6.7 in p. 240 p0 = q0E, X0 = Z0N, Z0 = Z0F, q0 = q0F, and
	... any/e = Z/e in the state p = qE.
	6.3 Equivalence of PDA’s and CFG’s
	6.3.1 From Grammars to Pushdown Automata
	Theorem 6.13 If G = (N, T, P, S) is a cfg. Then $PDA P .'. L(G) = N(P).
	Construct P = ({q}, T, N » S, d, q, S, Æ) guess and verify parser
	"A Œ N, d(q, e, A) = {(q, a)| A Æ a Œ P} guess A as a(A Æ a Œ P).
	"a Œ S, d(q, a, a) = {(q, a)| a Œ T} verify a Œ S.
	Proof A ﬁlm* xa if and only if (q, x, A)˜æ* (q, e, a), xŒS*, a Œ(N»S)*.
	(If) If (q, x, A) ˜æi (q, e, a), then A ﬁlm* xa for i ³ 0.
	basis i = 0: x = e, and A = a. \ (q, e, A) ˜æ0 (q, e, A). \ A ﬁlm* A.
	induction Let i ³ 1, and consider the next-to-last step.
	i) (q, x, A) ˜æi-1 (q, e, Bg) ˜æguessBÆb (q, e, bg) = (q, e, a)
	\ A ﬁlm* xBg by IH and B Æ b Œ P by construction of dguess.
	\ A ﬁlm* xBg ﬁlm xbg = xa.
	ii) (q, x, A) = (q, ya, A) ˜æi-1 (q, a, aa) ˜æverify (q, e, a)
	(q, y, A) ˜æi-1 (q, e, aa) (Thm 6.5; (q, e, aa))
	\ A ﬁlm* yaa = xa by IH
	(Only if) If A ﬁlmi xa, then (q, x, A) ˜æ* (q, e, a) for i ³ 0.
	basis i = 0, A ﬁlm0 A. x = e and A = a. (q, e, A) ˜æ0 (q, e, A).
	induction Let i ³ 1, and consider the next-to-last step.
	A ﬁlmi-1 yBg ﬁlm ybg = yy’g’g = xA where b=y’g’, y’ŒS*, g’Œ(N»S)*.
	(q, y, A) ˜æ* (q, e, Bg) by IH. \ (q, yy’, A) ˜æ* (q, y’, Bg) (by T.6.5)
	˜æGBÆb (q, y’, bg) = (q, y’, y’g’g) ˜æV|y’| (q, e, g’g) = (q, e, a)
	\ A ﬁlm* xa if and only if (q, x, A) ˜æ* (q, e, a).
	If A = S, a = e, then S ﬁlm* x if and only if (q, x, S)˜æ* (q, e, e)
	\ L(G) = N(P).
	6.3.2 From PDA’s to Grammars
	Theorem 6.14 If a PDA P = (Q, S, G, d, q0, Z0, Æ).
	Then there is a CFG G such that L(G) = N(P). null stack
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