CS522 5.B Finite Automata, Regular Grammars, and Context-free Grammars

5-B Finite Automata and Regular Gramars
Consider a finite automaton A = (Q, T, 9, qg, F) where &: Q x T — 2%,
Assume 1< Vi<n:gi e 8(Qi.y, %), g€ Q,Xi € T, q, € F. Then
d1 € 8(do, X1), A2 € (01, X), -, A € 8(Un-1, Xp), Op € F OF
On € 8(3(---3(3(do, X)) X2)s -+s Xn-1), Xn) = 8"(q1, X1X2.--Xy) € F.

Vo )0 ) e g )

Consider agrammar G = (N, T, P, S).

Assume 1< Vi<n:Ai; > XAie P,AjeN,x eT,A,— ceP. Then

Ag = X1A1 = ... = X1X9... X1-1An-1 = X1X9..Xn-1XnAn = X1X9...Xn-1Xn-

A —¢
n

*
Ag =" X1Xo.. X1 XpAn = X1X9.. X Xn =X e T .
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CS522 5.B Finite Automata, Regular Grammars, and Context-free Grammars

Consider a grammar G = (N, T, P, S) where
A—>xBorA—>cePwhereA BeNandxeT.
Definition A grammar G = (N, T, P, S) is regular, if

A—>xBorA—xePwhereABeNandxe T,
Theorem Equivalance of finite automata and regular grammars.
proof Lem. 1 and Lem. 2.

—Grammars —  —lLanguages = —  —Automata

finite state
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Lem. 1 Let A=(Q, T, 9, qq, F) be a finite automaton(XFA) with 6: Q x

>" —»2%and G = (N, T, P, S) be a regular grammar where

()N ={[a]lq € Q} < Q,
(2T=T,

(3) P={la] — x[p]| p € 6(q, x)} U {[f] — €| f € F}, and
(4) S = [qo]. Then L(A) = L(G).

proof p € & (g, x), iff [q] =g x[p] is trivial Cped(q, X) <> [q]—x[p]).

If 8 (qo, X) € F, then [qo] =¢ X[f],f e F.
s [f] > e eP.

~ S=[00] =¢ X[f] =¢ 1% x - L(A) c L(G).
If S = [qo] =¢ x[p] =¢ P17¢ x., then
ped (gyx)andp eF. . & (qg X) € F. - L(G) < L(A).

- L(A) = L(G).
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Lem. 2 Let G,y = (N, T, P, S) be a regular grammar and A = (Q, Z, 3, qp,
F) be a finite automaton where

(1) Q=A{[A] € QIA e N} U {[AX] € QA —Xx € P},
(2)T=T,

(3) d ={[B] € &([A], X)| A —> xB € P}
U {[Ax] € 6(q, X)| A > x € P},
(4) dp = [S](gg <> [S]), and
(5) F = {[Ax] € Q| A > x e P}. Then L(G) = L(A).
proof A =" xB, iff [B] € & ([A], X) is trivial(*1st part of 5).

IfS =4 X, then Fk=0 5. x = (|x-K):x-x:K, [Ax:K] € 8" (dg, [X-k:x) and

S([AX:K], x:k) e F. .8 (gg X) € F. - L(G) c L(A).
If §"(q, X) € F, then 3k=0: x = (jx]-k):x-x:k, S =" x|-k:xA =A% Ky,
- L(A) c L(G). - L(G) = L(A).
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CS522 5.B Finite Automata, Regular Grammars, and Context-free Grammars
A Rewriting system (or Semi-Thue system) R = (V", —) where
(1) Vis a set of configurations (or instantaneous descriptions; ID), and

(2) —> is a finite set of relation on a free monoid V' (— < V" x V).
A pair (w4, ) € — Is called a rule (or production) of R, and

denoted by w; = w».
The string w4 is called the left-hand side( ) and
and w, the right-hand side( -7-*# ) of the rule ®; — w,.

If v is a string in V" that can be decomposed as oo, where o, is left-
hand side of the rule, then y = aw, can be written as aw, where w, IS

right-hand side of the rule, denoted as aw f =172 o, .
Let R = (V, P) be a rewriting system. If r = w1 - ®, € P. Then we define

—r" (or =" for short) on V" by (=" is unique(finite) but =" is infinite)
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—gr' = =R = {(0wB, 0op) € V xV | a, P e V3icV xV.
1fy1, v2 € V', 1 =" 75, then we say that

In R y4 derives v, using rule r and that
rule r is applicable to y,(or can be applied to y4).

Lety V™. Then we define —g™" (or =" for short) recursively as follows
basis: =g"idy~; Note that =¢-° =id,« for any G’ = (V, P’).

- 7 *
recursion: =g" ==g'=r"™ e P"wherer=rr’forre P,n’e P.
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We can specify initial and final configurations of rewriting systems as
R=(V, >, 1, O
(3) 1 € V' is an initial configuration, and
(4) ® < V' is a set of final configurations.
LR)={d € D| 1= ¢ € D}.

A rewriting system for a finite automaton A = (Q, T, 6, dg, F) IS

RA — (Q X T*, —>, (qo, X), (F X 2*)) where

— ={(@ x) = (p, &) p € 8(a, X)}
L(Ra) ={x € T'| (do, X) =g, (f, &) € (Fx =)}

A rewriting system for a grammar G = (N, T, P, S) Is
Re=((NUT),P,S, T)where

LRg)={x e TS =R, X € T}
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Rewritings in finite automata A = (Q, %, 9, qg, F) IS

Ria = (Q x X7, >4, (G, X), {(f, €)| f € F})
where (g, X) =+, (P, €), If p € 3(q, X).

Let X = XXy ... X, € = forn>0and 1 < i <n: g € 8(qi_1, Xy), i.e.,

dn € O(... 8(8(qg, X1), X9), ... ), Xu) OF
01 € 3(dos X1), A2 € 8(Ag, X2), ---» Un € 3(0n-1, Xp), If and only if,.

T e )

1<Vi <= (G, X)) =4 (G5, €)
(os X1Xo-..Xn) =2l DD 8) (qy, Xo... %) =1 B G 8)
... =fa (On-1, Xn):fa(q"l’ W)y, &), gy eF.

(Gg:X1)—=>(0y.e (01,X2)—>(0,€) (n-1.Xn)—=>(0n.£)
(qO’X]_XZ' . .Xngl—qul,XZ. . .Xn) L 8»- . (qn-]_’xn) »(qn;g)
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Rewritings in the regular grammar G = (N, T, Py, S) Is
Rig=((NUT) P, S, T)A > xB,ifAc N, xe T ,and B e Nu{e}.
1<Visnir=Ap; =g XAjand rp g = Ay > e

AO :}rgpb_)XfAi X]_Al :rgpl—)XZA& X1X2A2 :>rgAF\—2_>Xn—1Aﬁ—1 X1X2...Xn_1An_1
=g 11 Xy Xo. . XpAn =gt XX X € T
S(=Ao) (SO—m:A ) ,
X]_ Al Xl FAZ
An-l % An
Xn A right-skewed tree c
¢ linear list
e
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CS522 5.B Finite Automata, Regular Grammars, and Context-free Grammars

Compare derivations in (1) a regular grammar G=(N, T, P, S),
(2) state transitions in the corresponding finite automaton
A= ([N], T, 9, [S], F) where
o0 ={[B] € 3([A], X)| A > xB € P} u {f € 6([A], X)|A > x € P, f € F},
and (3) rewritings in rewriting system
Ra=([N]x T, =, ([S], xy2), F x {£})

where — = {([A], X) = ([B], €)| [B] € &([A], X), [A], [B] € [N], x T}

Letx,y,ze T,A BeN,[A],[B] € [N]=0Q,fe F]. Then

S =g XA Sancl xyB =g xyzeT.
grammars generating terminal strings

87([S], xyz) =p* & ([A], y2) =plP1<0UAlY)=, §%([B], 2) = f e .

(IS1, xy2) =R\ ([Al,y2) =g WA IEL([B], 2) =g " (f, £) eFx{e}.

automata consuming terminal strings
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Let G=(N, T, P, S) be a context-free grammar. Then
S = X1A1XA2. . XiAXi41-- XnAnXne1 = X1Y1XoY2- - XiYiXi+1- - - XnYnXn+1-
many nonterminals in the sentential form...

%T\
o / B Y
A
X y Z

Consider two kind of derivations =
leftmost derivation =Im < =

rightmost derivation =>rm C =
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General derivation

S =" aBy=P2P afy=" ayy= xyz
Leftmost derivation

S :>Im* XBy :>ImB_)B XPBy :>Im* Xyy :>Im* XYyZ.

B 1s the leftmost nonterminal

Rightmost derivation

* * *
S = 0Bz =P afz = ayz =m XyZ.

is the rightmost nonterminal

Y s

V4
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